QUASISYMMETRIC RIGIDITY OF SQUARE 
SIERPINSKI CARPETS 



MARIO BONK AND SERGEI MERENKOV 

Abstract. We prove that every quasisymmetric self-homeomor- 
phism of the standard 1/3-Sierpihski carpet £3 is a Euclidean 
isometry. For carpets in a more general family, the standard 1/p- 
Sierpihski carpets S p , p > 3 odd, we show that the groups of 
quasisymmetric self-maps are finite dihedral. We also establish 
that S p and S q are quasisymmetrically equivalent only if p = q. 
The main tool in the proof for these facts is a new invariant — a 
certain discrete modulus of a path family — that is preserved under 
quasisymmetric maps of carpets. 



1. Introduction 

The standard Sierpinski carpet S3 is a subset of the plane M 2 defined 
as follows. Let 

Qo = {(x, y)eR 2 :0<x<l,0<y<l} 

denote the closed unit square in M. 2 . We subdivide Q into 3x3 sub- 
squares of equal size in the obvious way and remove the interior of 
the middle square. The resulting set Qi consists of eight squares of 
sidelength 1/3. Inductively, Q n +i, n > 1, is obtained from Q n by sub- 
dividing each of the remaining squares in the subdivision of Q n into 
3x3 subsquares and removing the interiors of the middle squares. The 
standard Sierpinski carpet S 3 is the intersection of all the sets Q n , n > 
(see Figure [l]). For arbitrary p > 3 odd, the standard 1 jp- Sierpinski 
carpet S p is the subset of the plane obtained in a similar way by subdi- 
viding the square Q into p x p subsquares of equal size, removing the 
interior of the middle square, and repeating these operations as above. 

In general, a (Sierpinski) carpet is a metrizable topological space 
S homeomorphic to the standard Sierpinski carpet 5*3. According to 
the topological characterization of Whyburn [Why], S is a carpet if 
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Figure 1. The standard Sierpiriski carpet S3 . 

and only if it is a planar continuum of topological dimension 1 that is 
locally connected and has no local cut points. 
Let 

§ 2 = {( x , y, z) G M 3 : x 2 + y 2 + z 2 = 1} 

denote the unit sphere in R 3 . In the following we often identify § 2 with 
the extended complex plane C = CU {00} by stereographic projection. 
For subsets of S> 2 a more explicit characterization of carpets can be 
given as follows [Why]. A set S C § 2 is a carpet if and only if it can 
be written as 

(1.1) S = S 2 \\jD l , 

where for each i G N the set Di C § 2 is a Jordan region and the 
following conditions are satisfied: S has empty interior, diam(Dj) — > 
as i — > 00, and dDi fl dDj = for i 7^ j. This characterization implies 
that all the sets S p , p > 3 odd, are indeed carpets. 

A Jordan curve in a carpet S is called a peripheral circle if its com- 
plement in 5* is a connected set. If S C § 2 is a carpet, written as in 



(1.1), then the peripheral circles of S are precisely the boundaries dDi 
of the Jordan regions A, j G N. 

Let /: X — > Y be a homeomorphism between two metric spaces 
(X, dx) and (Y, dy)- The map / is called quasisymmetric if there exists 
a homeomorphism r\: [0, 00) — >■ [0, 00) such that 

dY(f(u)J(v)) < / dx(-u,^) 



dr(f(u), f(w)) \d x (u,w) 

whenever u,v,w & X , u ^ w. If we want to emphasize the distortion 
function rj, we say that / is 77- quasisymmetric. When we speak of a 
quasisymmetric map / from X to Y, then it is understood that / is 
a homeomorphism of X onto Y and that the underlying metrics on 
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the spaces have been specified. Unless otherwise indicated, a carpet 
as in (1.1) is equipped with the spherical metric. The carpets S p will 
carry the Euclidean metric. Note that for a compact subset K of C C 
C U {00} = § 2 the Euclidean and the spherical metrics are comparable. 
So for the notion of a quasisymmetric map on K is does not matter 
which of these two metrics we choose on K. 

It is immediate that restrictions, inverses, and compositions of qua- 
sisymmetric maps are quasisymmetric. If there is a quasisymmetric 
map between two metric spaces X and Y, we say that X and Y are qua- 
sisymmetrically equivalent. The quasisymmetric self-maps on a metric 
space X, i.e., the quasisymmetric homeomorphisms of X onto itself, 
form a group that we denote by QS(X). If two metric spaces X and 
Y are quasisymmetrically equivalent, then QS(X) and QS(V) are iso- 
morphic groups. 

From the topological point of view all carpets are the same and so 
the topological universe of all carpets consists of a single point. A 
much richer structure emerges if we look at metric carpets from the 
point of view of quasiconformal geometry. In this case, we identify two 
metric carpets if and only if they are quasisymmetrically equivalent. 
Even if we restrict ourselves to carpets contained in S 2 , then the set of 
quasisymmetric equivalence classes of carpets is uncountable. 

One way to see this is to invoke a rigidity result that has recently 
been established in jBKMj . To formulate it, we call a carpet S C § 2 
round if its peripheral circles are geometric circles. So if S is writ- 
ten as in (1.1), then each Jordan region Di is an open spherical disk. 
According to [BKMJ two round carpets S and S' of measure zero are 
quasisymmetrically equivalent only if they are Mobius equivalent, i.e., 
one is the image of the other under a Mobius transformation on C = § 2 . 
Since the group of Mobius transformations depends on 6 real parame- 
ters, but the set of round carpets is a family depending on essentially 
a countably infinite set of real parameters (specifying the radii and the 
locations of the centers of the complementary disks of the round car- 
pet), it easily follows that the set of quasisymmetric equivalence classes 
of round carpets in § 2 has the cardinality of the continuum. 

Among the round carpets there is a particular class of carpets that 
are distinguished by their symmetry. Namely, suppose that K is a 
convex subset of hyperbolic 3-space H 3 with non-empty interior and 
non-empty totally geodesic boundary, and suppose that there exists 
a group G of isometries of H 3 that leave K invariant, and that G 
acts cocompactly and properly discontinuously on K. If we iden- 
tify S 2 with the boundary at infinity <9ooIHI 3 of H 3 , then the limit set 
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Aoo(C) Q dooM 3 = § 2 of G is a round carpet. The group G induces 
an action on § 2 by Mobius transformations that leave S = Aoo(G) in- 
variant. Moreover, this action is cocompact on triples of S. We can 
consider G as a subgroup of QS(S). An immediate consequence is that 
QS(S) is infinite, and that there are only finitely many distinct orbits 
of peripheral circles under the action of G, and hence of QS(S), on S. 
In this sense, S is very symmetric. 

According to an open conjecture by Kapovich and Kleiner |KKj . up 
to virtual isomorphism the groups G as above are precisely the Gromov 
hyperbolic groups whose boundaries at infinity are Sierpihski carpets. 
In order to get a better understanding of the relevant issues in this 
problem, it seems desirable to characterize the carpets S that arise 
from such groups G from the point of view of their quasiconformal 
geometry. 

To formulate these questions more precisely, let S, 1Z, Q, respectively, 
denote the set of all quasisymmetric equivalence classes of all carpets 
in § 2 , all round carpets, and all round group carpets, i.e., all carpets 
arising as limit sets Aoo(G) of groups G as above. Then Q C 1Z C S. 
Let [S] denote the quasisymmetric equivalence class of a carpet SC§ 2 . 

An obvious problem is where [S p ] is placed in the universe S. It 
follows from the main result in |Bolj that each standard carpet S p is 
quasisymmetrically equivalent to a round carpet. Hence [S p ] G 1Z. The 
question whether actually [S p ] G Q arose in discussions with B. Kleiner 
and the first author about ten years ago. At the time this problem was 
considered as completely inaccessible, and one stood helpless in front 
of these and other problems of quasiconformal geometry (another well- 
known hard problem related to carpets is the question of the (Ahlfors 
regular) conformal dimension of S3; see |MT] for general background 
and |Kig| for specific results on S3). 

The main results of this paper give answers to some of these ques- 
tions. We consider them as an important step in a better understand- 
ing of the quasiconformal geometry of Sierpihski carpets and hope that 
some of our results and techniques may be useful for progress on the 
Kapovich-Kleiner conjecture. 

Theorem 1.1. Every quasisymmetric self-map of the standard Sier- 
pinski carpet S3 is a Euclidean isometry. 

The isometries of S3 are given by the Euclidean symmetries that leave 
S 3 , and also the unit square Q , invariant. They form a dihedral group 
with 8 elements. We conjecture that also for p > 3 each quasisymmetric 
self-map of S p is an isometry. With some effort our proof of this fact for 
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p = 3 can actually be extended to p = 5, but the general case remains 



open (see Remark 8.3 for more discussion). 

We are able to prove that QS(S P ) is a finite dihedral group for each 
odd p. 

Theorem 1.2. For every odd integer p > 3, the group of quasisym- 
metric self-maps QS(S , P ) of the standard Sierpinski carpet S p is finite 
dihedral. 



Theorems 1.1 and 1.2 are quite unexpected as the group of all home- 
omorphisms on S p is large. For example, if u and v are two points 
in S p that do not lie on a peripheral circle of S p , then there exists a 
homeomorphism /: S p — >• S p with f{u) = v. 

Every bi-Lipschitz homeomorphism between metric spaces, i.e., every 
homeomorphism that distorts distances by an at most bounded multi- 
plicative amount, is a quasisymmetry. So Theorems IT and L2 remain 
true if one only considers bi-Lipschitz homeomorphisms instead of qua- 
sisymmetries. In general, these maps form a rather restricted subclass 
of all quasisymmetries. In view of this, one may wonder whether the 



bi-Lipschitz versions of Theorems 1.1 and 1.2 are easier to establish. 



Our methods do not offer any simplifications for this more restricted 
class, and it seems that there is no straightforward way to benefit from 
the stronger bi-Lipschitz hypothesis on the maps. 



An immediate consequence of Theorem 1.2 is that [S p ] Q . Indeed, 
QS(S P ) is a finite group, while QS(S) is infinite if [S] G Q. So the 
points [5*3], [Ss], [5*7], ... lie in 71 \ Q. As the following theorem shows, 
these points are actually all distinct. 

Theorem 1.3. Two standard Sierpinski carpets S p and S q , p,q > 3 

odd, are quasisymmetrically equivalent if and only if p = q. 

It was previously known that if \p — q\ is large, then S p and S g cannot 
be quasisymmetrically equivalent; more precisely, if p > q say, and 

i log(p - 1) > log(g 2 - 1) 



logp logg 

then [S p ] 7^ [Sg]. Here the quantity on the right of the inequality is 
the Hausdorff dimension of S g , while the quantity on the left is a lower 
bound for the (Ahlfors regular) conformal dimension of S p , i.e., for 
the infimum of the Hausdorff dimensions of all Ahlfors regular metric 
spaces quasisymmetrically equivalent to S p . So the inequality guaran- 



tees that [S p ] 7^ [Sq]. The bi-Lipschitz version of Theorem 1.3 is easy to 
establish. Namely, if p 7^ q, then S p and S q have different Hausdorff di- 
mensions. So there cannot be any bi-Lipschitz homeomophism between 
these spaces, because bi-Lipschitz maps preserve Hausdorff dimension. 
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One of the main difficulties in the proof of Theorem LI is that we 
have no a priori normalization of a quasisymmetric self-map / of S3. If 
we knew in advance, for example, that / sends each corner of the unit 
square to another such corner, then this statement would immediately 
follow from the following theorem which is relatively easy to establish. 

Theorem 1.4. Let S and S be square carpets of measure zero in rect- 
angles K = [0, a] x [0, 1] C M 2 and K = [0, a] x [0, 1] C M 2 , respectively, 
where a, a > 0. If f is an orientation-preserving quasisymmetric home- 
omorphism from S onto S that takes the corners of K to the corners 
of K such that /(0) = 0, then a = a, S = S , and f is the identity on 
S. 

Here the expression square carpet in a rectangle is used in the spe- 
cific sense of the more general concept of a square carpet in a closed 
Jordan domain defined in Section [6} A quasisymmetric map between 
carpets in § 2 is called orientation-preserving if it has an extension to a 
homeomorphism on S 2 with this property. 



Theorem 1.4 is analogous to the uniqueness part of |Sch2l Theo- 
rem 1.3]. Our proof is similar in spirit, but we use the classical confor- 
mal modulus instead of a discrete version of it. 

Another situation where a natural normalization implies a strong 
rigidity statement is for square carpets in C*-cylinders. 

Theorem 1.5. Let S and S be square carpets of measure zero in C*- 
cylinders A and A, respectively. Suppose that f is an orientation- 
preserving quasisymmetric homeomorphism of S onto S that maps the 
inner and outer boundary components of A onto the inner and outer 
boundary components of A, respectively. Then f is (the restriction of) 
a map of the form z i— > f(z) = az, where a G C \ {0}. 

See Section [4] for the relevant definitions. Similar rigidity results for 
so-called slit carpets were established in |Mej . 

We now discuss some of the ideas in the proof of our main results 
and give a general outline of the paper. Most of the results have been 
announced in |Bo2j . 

The main new tool used in proving Theorems IT - 1.3| is carpet mod- 



ulus, a version of Schramm's transboundary modulus |Schl] for path 
families adapted to Sierpihski carpets. This is discussed in Section [2j 
We also need a notion of carpet modulus that takes a group action 
into account, see Section [3j The crucial feature of carpet modulus is 
that it is invariant under quasisymmetric maps in a suitable sense (see 



Lemma 2.1 ). 
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We denote by O the boundary of the unit square Qo and by M 
(for fixed p > 3 odd) the boundary of the first square removed from 
Qo m the construction of S p ("the middle square"). Then the pair 
{O, M} is distinguished by an extremality property for carpet modulus 
among all pairs of peripheral circles of S p (Lemma 5.1 ). It follows that 
every quasiymmetric self-map / of S p must preserve the pair O and 
M, i.e., {f(0),f(M)} = {0,M} (Corollary In principle, / may 
interchange O and M, but by a more refined analysis we will later 
establish that f(0) = O and f(M) = M (Lemma 8.1 ). This is quite in 
contrast to the behavior of general homeomorphisms on a carpet: if we 
have two finite families each consisting of the same number of distinct 
peripheral circles of a carpet S, then we can find a self-homeomorphism 
of S that sends one family to the other family. 

The proof of Corollary |5. 2 relies on some previous work. In Section [4] 
we collect certain uniformization and rigidity results that were estab- 
lished in [Bolj and |BKMj . and derive some consequences. Among these 
results is Proposition 4.9 which gives an explicit description of extremal 
mass distributions for carpet modulus of certain path families. This is 



an important ingredient in the proof of Corollary 5.2 Corollaries 4.4 



4.5 , 4.6 and 4/7 in Section [4] give information on quasisymmetric maps 



on certain carpets under various normalizing conditions for points and 
peripheral circles. 

This is essentially 



In Section p\ we prove Theorems 1.4 and 1.5 



independent of the rest of the paper, but Theorem 1.4 will later be 



used in the proof of Theorem 1.3 



The fact that every quasisymmetric self-map of S p preserves the pair 
{O, M} already has some strong consequences. For example, com- 
bined with the results in Section [4} one can easily derive that the 

To push the analysis further 
we need one additional 



group QS(Sp) is finite (Corollary 5.3) 



1.1-1.3 



and to arrive at proofs of Theorems 
essential idea; namely, we will investigate weak tangent spaces of the 
carpets S p and induced quasisymmetric maps on these weak tangents 
(see Section[7]). In particular, we prove that the weak tangent of S p at a 
corner of O cannot be mapped to the weak tangent of S p at a corner of 
M by a (suitably normalized) quasisymmetric map (Proposition 7.3). 
Actually, we conjecture that such maps only exist if the weak tangents 
are isometric, but Proposition is the only result in this direction 
that we are able to prove. 

Using these statements on weak tangents, we will give proofs of The- 
1.1-1.3 in the following Section [8} Overall, the ideas in these 



orems 



proofs are very similar. In order to establish Theorem |1.3[ for exam- 
ple, one wants to apply Theorem 1.4 For this one essentially has to 



8 



MARIO BONK AND SERGEI MERENKOV 



show that a quasisymmetric map / : S p — )■ S q preserves the set of cor- 
ners of O. Let M p and M q denote the boundary of the middle square 
for S p and S q , respectively. Using the extremality property for the pair 
{0,M}, one can show that {f(0)J{M p )} = {0,M q }. This leads to 
various combinatorial possibilities, and in each case one analyzes what 
happens to the corners of O under the map /. The case f{0) = O leads 
to a favorable situation, where the set of corners of O is preserved and 



where one can apply Theorem 1.4 to conclude S p = S q . One wants 



to rule out the existence of the map / in the other cases, for example 
when f(0) = M q . In all these cases, one eventually ends up with a 



contradiction to Proposition 7.3 
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2. Carpet modulus 

We first make some remarks about notation and terminology used in 
the rest of the paper. We denote the imaginary unit in C by i. Let 
(X, d) be a metric space. If x G X and r > 0, we denote by B(x, r) the 
open ball, and by B(x, r) the closed ball in X that has radius r > and 
is centered at x. If A > and B = B(x,r), we let XB be the open ball 
of radius Ar centered at x. If A C X, then diam(A) is the diameter, 
Xa the characteristic function, and j^A G N U {oo} the cardinality of 
A. If B C X is another set, then we let 

dist(A, B) := inf{d(o, 6) : a G A, b G B} 

be the distance between A and B. 

If X is a set, then id^ is the identity map on X. If /: X — > Y is 
a map between two sets X and Y, and A <Z X, then f\A denotes the 
restriction of / to A. 

Unless otherwise indicated, our ambient metric space is the sphere 
§ 2 equipped with the spherical metric induced by the standard Rie- 
mannian structure on § 2 . In this metric space the balls are spherical 
disks. 

A Jordan region in § 2 is an open connected set bounded by a Jordan 
curve, i.e., a set homeomorphic to a circle. A closed Jordan region in 
§ 2 is the closure of a Jordan region. 
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A path 7 in a metric space X is a continuous map 7: I — > X of a 
finite interval /, i.e., a set of the form [a, b], [a, b), (a, b], or (a, b), where 
a < b are real numbers, into the space X. If 7 is a map from (a, b) 
we say that the path is open. As is standard, we often denote by 7 
also the image set 7(f) in X. The limits \im t ^al(t) and \im t ^bl(t), if 
they exist, are called end points of 7. If A, B C X then we say that 
7 connects A and B if 7 has endpoints and one of them lies in A and 
the other in B. A path is called a subpath of 7 it is of the form j\J 
for some interval J Q I. We denote the length of 7 by length^). The 
path 7 is called rectifiable if it has finite length, and locally rectifiable 
if 7 1 J is a rectifiable path for every compact subinterval J C I. 

Let a denote the spherical measure and ds the spherical line element 
on § 2 induced by the standard Riemannian metric. A density p is a 
non-negative Borel function defined on S 2 . The density p provides a 
pseudo-metric with line element pds. If T is a family of paths in § 2 , 
then the conformal modulus of T, denoted mod(T), is defined to be the 
infimum of the mass 



over all admissible densities p, i.e., all densities such that for p-length 
of each locally rectifiable path 7 £ T we have the inequality 



If p is admissible and has minimal mass among all densities admissible 
for T, then p is called extremal. Often it is convenient to change the 
spherical metric that was the underlying base metric in the definition 
of mod(r) to another conformally equivalent metric. This leads to the 
same quantity mod(T) (see [Boll Remark 6.1] for more discussion). 

Conformal modulus is monotone |LV[ Section 4.2, p. 133]: if T and 
r" are two path families in S 2 such that every path 7 6 T contains a 
subpath 7' G T', then 



In particular, this inequality holds if T C V. 

Conformal modulus is also countably subadditive |LVl Section 4.2, 
p. 133]: for any countable union r = {J t Ti of path families Tj in S 2 we 
have 




pds > 1. 



7 



mod(r) < mod(r'). 
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Here and in the following we adopt the convention that if the range of 
an index such as % above is not specified, then it is extended over N, 
i.e., it runs through 1,2,.... 

An important property of conformal modulus is its invariance under 
conformal and its quasi-invariance under quasiconformal maps. The 
latter means that if V is a family of paths contained in a region D C § 2 
and if / : D — > D is a quasiconformal map onto another region DCS 2 , 
then 

(2.1) ^mod(r) < mod(/(r)) < Kmod{T), 

K 

where f(T) := {/ o 7 : 7 e T} and K depends only on the dilatation 
of / |LVl Theorem 3.2, p. 171]. For the basic definitions and gen- 
eral background on quasiconformal maps see |Ahll ILVl IVa] . We adopt 



the "metric definition" of quasiconformal maps and allow them to be 
orient at ion-reversing. 

If a certain property for paths in a family V holds for all paths outside 
an exceptional family r C V with mod(r ) = 0, we say that it holds 
for almost every path in V. 



Now let S C § 2 be a carpet as in ( 1.1 ), and T be a family of paths in 
§ 2 . Then we define the carpet modulus of V {with respect to S), denoted 
by mods(r), as follows. Let p be a mass distribution defined on the 
peripheral circles of S, i.e., a function p that assigns to each peripheral 
circle Ci = dDi of S a non-negative number p(Ci). If 7 is a path in § 2 , 
the p-length of 7 is 

We say that a mass distribution p is admissible for mods(T) if for 
almost every path 7 e T the p-length of 7 is > 1; so we require that 
there exists a family To C T with mod(To) = such that 

p(c.) > 1 



E 



for every path 7 G T \ T . We call T an exceptional family for p. Now 
we set 



mod 5 (r) = inf |Ep(^) 2 }> 



where the infimum is taken over all mass distributions p that are ad- 
missible for mods(r). The sum ^2iP{Ci) 2 is called the (total) mass 
of p, denoted mass(p). Often we will consider a mass distribution p 
of finite mass as an element in the Banach space C 2 of square summa- 
ble sequences. By definition £ 2 consists of all sequences a = (at) with 
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di G R for % G N and 

1/2 



The reason for excluding an exceptional curve family T in the def- 
inition of admissibility is to guarantee that for some relevant fami- 
lies of paths T an admissible mass distribution exists and we have 
< mods(r) < oo. 

It is straightforward to check that the carpet modulus is monotone 
and countably subadditive. An crucial property of carpet modulus is 
its invariance under quasiconformal maps. 

Lemma 2.1. Let D be a region in S 2 , let S be a carpet contained in D, 
and r be a path family such that 7CD for each 7 £ T. If f : D — > D 
is a quasiconformal map onto another region DC§ 2 ; S := f(S), and 
f := f(T), then 

modg(r) = mods(r). 

Proof. Note that S is also a carpet. Then the peripheral circles of S 
and of S correspond to each other under the map /. So if Ci, i G N, is 
the family of peripheral circles of S, then f(Ci), i G N, is the family of 
peripheral circles of S. 

Let p be an admissible mass distribution for mods(r) with an ex- 
ceptional path family r . Then the function p that takes the value 
p{Ci) at the peripheral circle f{Ci) of S = f(S) is admissible for T 
with an exceptional path family r = /(To). Indeed, the p-length of 
every path 7 = / o 7, 7 g T, is the same as the p-length of 7, and 



the vanishing of the conformal modulus of r is guaranteed by (2.1). 
The mass distributions p and p have the same total mass. Therefore 
modg(r) < mods'(r). We also have the converse inequality, since / _1 
is also quasiconformal \UV\ Section 3.2, p. 17]. □ 

An admissible mass distribution p is called extremal for modsfT) if 

mass(p) = mods(r). 

An elementary convexity argument shows that if modsfT) < 00 and 



an extremal mass distribution exists, then it is unique. Proposition 2A 
below guarantees existence of an extremal mass distribution. To prove 
this proposition, we need some auxiliary results. We first set up some 
notation. 
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We let L 2 be the space of all functions / on §> 2 that are square- 
integrable with respect to spherical measure a, and set 

1/2 

f 2 da 



L 2 



For two quantities A and B we write A < B if there exists a constant 
C > (depending on some obvious ambient parameters) such that 
A < CB. 

A version of the following lemma can be found in Boj , see also |Heit 
Exercise 2.10]. 

Lemma 2.2. Let A > 1, and I be a countable index set. Suppose that 
Bi, i G I , is a collection of spherical disks in § 2 , and that a*, i G /, are 
non-negative real numbers. Then there exists a constant C > i/iai 
depends only on A suc/i i/ia£ 





< c 






iei 




iei 


L 2 



(2.2) 



Proof. We may assume that Y^iei ai XBi G £ 2 - Let G L 2 , and M(0) 
denote the uncentered maximal function of (for the definition and the 
basic properties of the maximal function operator see |Ste[ Chapter 1]). 
Then there is an absolute constant c such that 



Y a iX\Bi 
iei 



>da 



iei 



> da 



< 



cA 2 a i I M (<t>) da = c\ 2 f(j2 a iXBt ) M{4>) da 
iei ^iei ' 



£ 



IW)|U 2 . 



L 2 



It is known (see e.g., |Ste| Theorem 1(c) 
tion satisfies the inequality 



p. 5]) that the maximal func- 



L 2 1 

where H is an absolute constant. The self-duality of L 2 now gives 
inequality with C = cHX 2 . □ 

A quasicircle in a metric space X is a Jordan curve that is qua- 
sisymmetrically equivalent to the unit circle in M 2 equipped with the 
Euclidean metric. We say that a family {C; : i G /} of Jordan curves 
in a metric space X consists of uniform quasicircles, if there exists a 
homeomorphism rj: [0, oo) — » [0, oo) such that every curve Cj in the 
family is the image of an 77-quasisymmetric map of the unit circle. 
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Lemma 2.3. Let S be a carpet in § 2 whose peripheral circles are uni- 
form quasicircles, and let T be a path family in § 2 . If mods(r) = ; 
then mod(r) = 0. 



Proof. We write 5* as in (1.1), and set Ci = dDi for i G N. Under 
the given hypotheses suppose that mod^r) = 0. It follows from the 
definitions that then V cannot contain any constant paths. So if for 
k G N we define 

r fe := { 7 G T : diam( 7 ) > l/k}, 

then T = |J fc Tfc, and it is enough to show that mod(I\.) = for every 
k G M. By monotonicity of carpet modulus we have mods(i\.) = 0. 
This means that we are actually reduced to proving the statement of 
the lemma under the additional assumption that diam(7) > 5 for all 
7 G r, where 5 > 0. 

Since mods(r) = 0, for each n G N there exists p n G £ 2 with ||p n ||^ 2 < 
l/2 n and an exceptional family T n C T with mod(r n ) = such that 

for all 7 G T \ T n . Let p = J2 n Pn- Then 

mass(p) = \\p\\% < oo. 
Moreover, if T := \J n T n , then mod(r) = and 
(2.3) £ p(Ci)=oo 

for all 7 G T \ T. 

Since we assume that the peripheral circles Ci = dDi of 5* are uniform 
quasicircles, there exists A > 1 with the following property (see, e.g., 
|Boll Proposition 4.3]): for each j e N there exists x« G § 2 , and < 
fi < Ri with Ri/ri < A such that 

B(x tl r t ) C A C B(x i ,R l ). 

Now we consider the density p on the sphere defined by 



„ XB{x 4 ,2Ri)- 



R 

If 4i?j < 5, then every path 7 G T that meets Ci must also meet the 
complement of B(xi,2Ri), since diam(7) > S. So 7 will meet both 
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complementary components of B(xi,2Hj) \ B(xi,Ri). If 7 is locally 
rectiflable, this implies 

/ XB(xi,2Ri) ^8 > Ri- 

Since there are only finitely many i G N with 4Rj > 5, it follows 
from (J2T3]) that 

fids = 00 



for every locally rectiflable path 7 G T \ V. On the other hand, by 



Lemma 2.2 



^ 2 rf(T ~ Yl #1 °(B(xi, n)) < mass(p) < 00. 

This implies mod(r \ T) = 0, and so 

mod(r) < mod(r \ f ) + mod(r) = 0. 
Hence mod(r) = as desired. □ 

Proposition 2.4. Let S be a carpet in S> 2 whose peripheral circles 
are uniform quasicircles, and let Y be an arbitrary path family in S 2 
with mods'(r) < 00. Then the extremal mass distribution for mod s(r) 
exists, i.e., the infimum in the definition o/mod^r) is attained as a 
minimum. 

Proof. Let (p n ) be a sequence of admissible mass distributions for 
mod,s(r) such that mass(p n ) — > mods'(r) as n — )• 00. If d, i G N, 
are the peripheral circles of S, then each p n is given by the sequence 
Pn = (Pn(Ci)) of weights it assigns to the peripheral circles. 

Since mods(T) < 00, we may assume that for a suitable constant 
we have mass(p„) < C for all n. By passing to a subsequence using a 
standard diagonalization argument, we may also assume that the limit 

p(Ci) := lim p n (Ci) 

71— >00 

exists for each j e N. We claim that the mass distribution p = (p(Ci)) 
is extremal. 

First, it is clear that mass(p) < mods(T). Indeed, for every e > 
and m G N there exists iV G N such that 

m 

$>n(a) 2 <mod 5 (r) + e 
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for all n> N . Taking the limit as n — > oo, we get 



]Tp(cy 2 <mods(r) + £ 



i=l 

for all m G N. Since m and e are arbitrary, this gives mass(p) < 
mod 5 (r). 

To complete the proof we have to show that p is admissible, which 
is harder to establish. By Mazur's Lemma (see, e.g., |Yosl Theorem 2, 
p. 120]) there is a sequence of convex combinations (pn), where 

N N 

PN = ^nPn, > 0, ^2 - 1) 

n=l n=l 

that converges to p in C 2 . Every element of the sequence (pn) is admis- 
sible for T, where the exceptional path family for p^ is the union 
of the exceptional path families for p n , n = 1,2, ...,N. Since (pn) 
converges to p in £ 2 , it is also a minimizing sequence for mods(T). 
By passing to a subsequence, we may assume that 

, . .. 1 

(2-4) \\Pn-p\\p< 



for all N en. 
Let 



r^^ijeT: limsup V ^(Q) - p{d)\ ± 1 



and 



Then r M C P| |Jv>n ^tv- Indeed, let 7 G be arbitrary. Then there 
exists 5 > and a sequence of natural numbers (jVjt) with iV fc — )■ 00 as 
— > 00 such that 

7nC^0 

for all fceN. Now let n be arbitrary. We choose k so large that > n 
and l/iV fc < 5. Then 7 G C Ua^™ 1 ^- Hence 7 G HnUA^n 1 ^ as 
desired. 

It follows that the mass distributions 

00 

Poo,n = E N ^ N _ P\> 71 = 1 > 2 ' • • • ' 

N=n 
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are admissible for modsfToo). Since mass(poo,n) — > as n — > oo 

we 



by (2.4), this implies that mods'(r oo ) = 0. Invoking Lemma 2.3 
conclude that mod(r oo ) = 0. 

If 7 is in T \ (l^ U \J N T N ), then 



p(a)>limsup[ J2 P»iPi)~ E IMCi) ~ p(Ci)\) 
>l-limsup( Y] \p N (G) - p{Ci)\ ) =1. 



v 7 nC^0 



Moreover, 



mod ( u |J r w j < mod(r oo ) + ^ mod^) = 0. 
It follows that p is admissible for T as desired. □ 



3. Carpet modulus with respect to a group 
Let S be a carpet in S 2 . In this section we assume that 5* is written 



as in (1.1), and that Ci = dDi, ieN, denotes the peripheral circles of 
S. Let G be a group of homeomorphisms of S. If g G G and CCS 1 
is a peripheral circle of 5, then <?(C) is also a peripheral circle of S*. 
So the whole orbit O = {g(C) : g G G} of C under the action of G 
consists of peripheral circles of S. If T is a family of paths in § 2 , we 
define the carpet modulus mods/cfT) of T with respect to the action 
of G as follows. A (invariant) mass distribution p is a non- negative 
function defined on the peripheral circles of S that takes the same 
value on each peripheral circle in the same orbit; so p(g(C)) = p(C) 
for all g G G and all peripheral circles C of S. Such a mass distribution 
is admissible for mod5/c(r) if there exists an exceptional family T C T 
with mod(To) = and 

(3.1) P(^)>! 

7nc^0 

for all 7 G T \ r . 

If p is a mass distribution and (9 an orbit of peripheral circles, we 
set p(0) := p(C), where C G O. We define the (total) mass of p as 

mass s / G (p) = E^ ) 2 ' 
o 

where the sum is taken over all orbits of peripheral circles under the 
action of G. 
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The carpet modulus of T with respect to the group G is defined as 
mod 5/G (T) = inf {mass 5/G (p)}, 

where the infimum is taken over all admissible mass distributions p. An 
admissible mass distribution p realizing this infimum is called extremal 
for mod 5 / G (r). 

Note that each orbit contributes with exactly one term to the total 
mass of a mass distribution. In contrast, the admissibility condition 
is similar to the one for carpet modulus: each peripheral circle that 



intersects the curve 7 contributes a term to the sum in (3.1) and we 
may get multiple contributions from each orbit; we restrict ourselves 
though to invariant mass distributions that are constant on each orbit 
of the action of G on peripheral circles. 

Carpet modulus with respect to a group has similar monotonicity 
and subadditivity properties as carpet modulus and conformal modu- 
lus. We formulate its invariance property under quasiconformal maps 
explicitly. 

Lemma 3.1. Let D be a region in § 2 ; S a carpet contained in D, 
G a group of homeomorphisms on S , and T a path family such that 
7 C D for each 7 G T. If f : D — > D is a quasiconformal map onto 
another region D C § 2 ; and we define S := f{S), T := f(T), and 
G:= (f\S)oGo(f\S)-\ then 

mod s/d(r) = mods/cfT). 

Proof. Note that S is a carpet, and f\S is homeomorphism from S 
onto S. Hence G is a group of homeomorphisms on S. The argument 



is now along the same lines as the proof of Lemma 2.1 and we omit the 



details. □ 

The following proposition gives a criterion for the existence of an ex- 
tremal mass distribution for carpet modulus with respect to the group. 

Proposition 3.2. Let S be a carpet in § 2 whose peripheral circles are 
uniform quasicircles, let G be a group of homeomorphisms of S, and 
let r be a path family in S 2 with mods/ G (r) < 00. 

Suppose that for each fc£N there exists a family of peripheral circles 
Ck of S and a constant N k eN with the following properties: 

(i) if O is any orbit of peripheral circles of S under the action of 
G, then #(£> n C k ) < N k for all k eN, 

(ii) if T k is the family of all paths in T that only meet peripheral 
circles in C k , then T = [j k T k . 
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Then an extremal mass distribution for modsyctT) exists, i.e., the 
infimum in the definition of modsyctT) is attained. 



Proof. We first observe that one has an analog of Lemma 2.3 namely, if 



in addition to the given hypotheses mods/cfT) = 0, then mod(T) = 0. 



The proof of this implication is very similar to the proof of Lemma pO 
As in the proof of this lemma, we can make the additional assumption 
that there exists 5 > such that diam(7) > 5 for all 7 G T. Using 
that mod^/ofT) = one can find an invariant mass distribution p with 

masss/c(p) < 00 and a family r C Y with mod(T) = such that 
(3.2) Y, P( C i)=™ 

for all 7 g r \ f . 



Since peripheral circles of S, represented as in (1.1), are uniform 
quasicircles, there exists A > 1 such that for each % G N we can find 
Xi G § 2 and < r { < E4 with 

B{xi,ri) C Di C B(xi,Ri), 

and Ri/ti < A . 

Now fix k G N, consider the family r' fc := (r \ T) D Tj, of all paths in 
T \ T that only intersect peripheral circles in the family Ck, and let 

- P{Ci) 

P - —^—XBix^R,)- 
d£Ck 



Using our hypothesis (i) and Lemma 2.2 we see that 



J P 2 do < Y P( C iY < A^ fc mass 5 / G (p) < 00. 



On the other hand, similarly as in the proof of Lemma 2.3, by (3.2) we 
have 

pds = 00 



7 



for every locally rectifiable path 7 G T' k . It follows that mod(r' fc ) = 0. 

Our hypothesis (ii) implies that T = T U [J k T' k . Since all families 
in the last union have vanishing modulus, we conclude mod(r) = as 
desired. 

Now the proof of the statement is almost identical to the proof of 
Proposition 2.4| The only difference is that we use mass distributions 



that are constant on each orbit of peripheral circles under the action of 
G, and that for control on the masses of the relevant distributions we 
use an £ 2 -space indexed by these orbits. Note that hypothesis (ii) passes 
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to every subfamily of T, so we can apply the first part of the proof to 



the family that corresponds to in the proof of Proposition 2A We 
omit the details. □ 

If if) is a homeomorphism of the carpet S C § 2 , we denote by (if)) 
the cyclic group of homeomorphisms on S generated by if). If T is a 
path family in §> 2 and \I> is a homeomorphism on § 2 , then T is called \E r - 
invariant if ^(T) = T. The following lemma gives a precise relationship 
between the carpet modulus with respect to a cyclic group and its 
subgroups. 

Lemma 3.3. Let S be a carpet in S 2 ; let § 2 — > § 2 be a quasicon- 
formal map with ^(S) = S, and define if) := ^/\S. Suppose that T is a 
^ -invariant path family in § 2 such that for every peripheral circle C of 
S that meets some path in Y we have ip n {C) ^ C for all n G Z \ {0}. 
Then 

mod 5/w , fc> (r) = fcmods/(v>}(r) 

for every fceN. 

Proof. Fix fceN. Let e > 0, and p be an admissible mass distribution 
for mods/(ip)(T) such that 

mass 5 / W (p) < mod s /<v.}(r) + e. 

Here it is understood that p is invariant in the sense that it is constant 
on orbits of peripheral circles under the action of (ip). Then p is also 
constant on orbits under the action of (ip k ), and hence admissible for 
mod s/( ^ } (r). 

Each orbit of a peripheral circle under the action of (ip) consists of 
at most k orbits under the action of (ip k ). Therefore, we obtain 

mod s/(v , fc> (r) < mass 5/( ^ } (p) 

< k mass 5 /(^) (p) < k mod s /(v>) (r) + kt. 

Since e is arbitrary, we conclude 

mod 5/(v , fc> (r) < fcmod S /(^)(r). 

Conversely, let e > 0, and p be an admissible invariant mass distri- 
bution for mod s /^fc^(r) such that 

mass 5/(v , fc) (p) < mod s/(v , ft> (r) + e. 

Note that if C is a peripheral circle of S and no path in V meets 
C, then by ^/-invariance of T no path in T meets any of the peripheral 
circles in the orbit of C under (if)) . This implies that we may assume 
that p{C) = for all peripheral circles C that do not meet any path in 

r. 
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Consider p given by 

p = \{p + poif)-\ hpo ^ k - v ). 

Here poij^ denotes the mass distribution that assigns the value p{if)^{C)) 
to a peripheral C of S. 

We have that p o if> k = p, since p is constant on orbits of peripheral 
circles under the action of if> k . This implies that p o if) — p and so p is 
constant on orbits of peripheral circles under the action of if). 

Let T be an exceptional family for p, and define 

f = |J * n (r ). 

n€{-(fc-l),...,-l,0} 

Since mod(r ) = 0, we have mod(r ) = 0. Moreover, the \l/-invariance 
of T implies that 

E pi *) * i 

for all 7 e T \ r . Hence p is admissible for mods/^)(r). 
It follows that 

mod s/ ( V ,)(r) < mass 5/w (p). 

Since p assigns to all peripheral circles of S that do not meet any 
path in T, the same is true for p. So if C is a peripheral circle of S with 
p(C) 0, then C meets some path in T and so our hypotheses imply 
that the peripheral circles if> n (C), n G Z, are all distinct. Hence the 
(■0)-orbit of C consists of precisely k orbits of C under {ip k ). It follows 
that 

mass s/(v , fc) (p) = fcmass 5/w (p). 
Moreover, the convexity of the norm in £ 2 implies that 

mass 5/w , fe) (p) < mass s/(v , fc> (p). 

We conclude 

fcmod S / W (r) < fcmass 5/w (p) = mass 5/w , fe) (p) 

< mass 5/w , fc) (p) < mod s/ ^fc)(r) + e. 

Since e was arbitrary, this gives the other desired inequality 

fcmod s/(v ,)(r) < mod s/ ^*)(r). 



The statement follows. 



□ 
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4. Auxiliary results 

In this section we state results from |Bolj and [BKM] that are used in 
this paper and derive some consequences. 

Proposition 4.1. Let S be a carpet in S> 2 whose peripheral circles 
are uniform quasicircles and let f be a quasisymmetric map of S onto 
another carpet S C § 2 . Then there exists a quasiconformal map F on 
§ 2 whose restriction to S is f . 

This follows immediately from |Boll Proposition 5.1]. 

Suppose {Ci : i G /} is a family of continua in a metric space X, 
i.e., each set Ci is a compact connected set consisting of more than one 
point. These continua are said to be uniformly relatively separated if 
the pairwise relative distances are uniformly bounded away from zero, 
i.e., there exists 5 > such that 

A(Ci,C-) : = dist^CZ,-) > g 

l! 3 min{diam(Cj), diam(Cj)} 

for any two distinct % and j. The uniform relative separation property 
is preserved under quasisymmetric maps, see |Bol[ Corollary 4.6]. 
Recall that a carpet S C § 2 is called round if its peripheral circles 



are geometric circles. So if S is written as in (1.1), then each Jordan 
region D{ is an open spherical disk. 

Theorem 4.2 (Uniformization by round carpets). If S is a carpet in 
S> 2 whose peripheral circles are uniformly relatively separated uniform 
quasicircles, then there exists a quasisymmetric map of S onto a round 
carpet. 

This is jBoTl Corollary 1.2]. 

Theorem 4.3 (Quasisymmetric rigidity of round carpets). Let S be a 

round carpet in § 2 of measure zero. Then every quasisymmetric map 
of S onto any other round carpet is the restriction of a Mobius trans- 
formation. 

This is [BKM, Theorem 1.2]. Here by definition a Mobius transfor- 
mation is a fractional linear transformation on §> 2 = C, or the complex- 
conjugate of such a map. So we allow a Mobius transformation to be 
orientation-reversing. 

Let S C § 2 be a carpet, and /: S — > § 2 be a homeomorphic em- 
bedding. Then / has a homeomorphic extension to a homeomor- 
phism F: § 2 — > S> 2 (see the proof of Lemma 5.3 in [Bol]). We call 
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/ orientation-preserving if F (and hence every homeomorphic exten- 
sion of /) is orientation-preserving on § 2 . On a more intuitive level, the 
map / is orientation-preserving if the following is true: if we orient any 
peripheral circle C of S so that S lies "to the left" of C with this ori- 
entation, then the image carpet f(S) lies "to the left" of its peripheral 
circle f{C) equipped with the induced orientation. 

Corollary 4.4 (Three-Circle Theorem). Let S be a carpet in § 2 of 
measure zero whose peripheral circles are uniformly relatively separated 
uniform quasicircles. Let Ci, 62,63 be three distinct peripheral circles 
of S. If f and g are two orientation-preserving quasisymmetric self- 
maps of S such that /(C$) = g(Ci) for i — 1, 2, 3, then f — g. 

This follows from |Boll Theorem 1.5] applied to f^ 1 o g. 

Corollary 4.5. Let S be a carpet in §> 2 of measure zero whose periph- 
eral circles are uniformly relatively separated uniform quasicircles. Let 
C be a peripheral circle of S, and p, q two distinct points on C , and G 
be the group of all orientation-preserving quasisymmetric self-maps of 
S that fix p and q. Then G = {ids} or G is an infinite cyclic group. 

In other words, either G is trivial or isomorphic to Z. 



Proof. By Theorem 4.2 there exists a qu asisy mmetric map / of S 



onto a round carpet S. Using Proposition 4.1 we can extend / to a 
quasiconformal map on S> 2 . Since quasiconformal maps preserve the 
class of sets of measure zero |LVl Theo rem 1.3, p. 165], S has measure 



zero as well. According to Theorem 4^3 the conjugate group G = 
f o G o f^ 1 consists of the restrictions of orientation-preserving Mobius 
transformations with two fixed points p, q on a peripheral circle C of 
S. By post-composing / with a Mobius transformation we may assume 
that p = 0, q = 00, and that C is the extended real line. Moreover, 
we may assume that S is contained in the upper half-plane. Then the 
maps in G are of the form z 1— >■ Xz with A > 0. The multiplicative 
group of the factors A that arise in this way must be discrete (this 
follows from the fact that peripheral circles are mapped to peripheral 
circles) and hence forms a cyclic group. It follows that G, and hence 
also G, is the trivial group consisting only of the identity map or an 
infinite cyclic group. □ 

Corollary 4.6. Let S be a carpet in §> 2 of measure zero whose periph- 
eral circles are uniformly relatively separated uniform quasicircles. Let 
C\ and C2 be two distinct peripheral circle of S , and G be the group 
of all orientation-preserving quasisymmetric self-maps of S that fix C\ 
and C 2 setwise. Then G is a finite cyclic group. 
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Proof. As in the proof of Corollary 4J3 we can reduce to the case 
that S is a round carpet of measure zero. By applying an auxiliary 
Mobius-transformation if necessary, we may also assume that C\ and 



C2 are Euclidean circles both centered at 0. Then by Theorem 4J3 each 
element in G is (the restriction of) a rotation around 0. Moreover, G 
must be a discrete group as it maps peripheral circles of S to peripheral 
circles. Hence G is finite cyclic. □ 

Corollary 4.7. Let S be a carpet in § 2 of measure zero whose pe- 
ripheral circles are uniformly relatively separated uniform quasicircles, 
C\ and C2 be two distinct peripheral circles of S, and p G S . If f 
is an orientation-preserving quasisymmetric self-map of S such that 
/(Ci) = Ci, /(C 2 ) = C 2 , and f{p) = p, then f is the identity on S . 



Proof. By the argument as in the proof of Corollary 4.6| we can reduce 



to the case where S is a round carpet, C\ and C 2 are circles both 
centered at 0, and / is a rotation around 0. Since C\ and C 2 are distinct 
perpheral circles of S, these sets are disjoint and bound two disjoint 
Jordan regions. This implies that S is contained in the Euclidean 
annulus with boundary components C\ and Ci- Since p G S, it follows 
that p 7^ 0, 00. Since / is a rotation around and fixes p, the map / 
must be the identity on S. □ 

The metric on C* = C \ {0} induced by the length element |dz|/|2r| 
is called the flat metric (on C*). Equipped with this metric, C* is 
isometric to an infinite cyclinder of circumference 2ir. The following 
terminology is suggested by this geometric picture. 

A C*-cylinder A is a set of the form 

A = {z G C: r < \z\ < R}, 

where < r < R < 00. The boundary components {z G C : \z\ = r} 
and {z G C : \z\ = R} are called the inner and outer boundary com- 
ponents of A, respectively. A C*-square Q is a Jordan region of the 
form 

Q = {pe l6 : a < p < b, a < 9 < /?}, 
where < log(6/a) = — a < 2tt. We call the quantity 

l c *(Q) := log(6/a) = - a 

its side length, the set {ae l9 : a < 9 < 0} the bottom side, and the set 
{ae id : a < 9 < 0} the top side of Q. The sets {pe ia : a < p < b} 
and {pe l/B : a < p < b} are referred to as the vertical sides of Q. The 
corners of Q are the four points that are endpoints of one of the sides 
of Q. 
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A square carpet T in a C* -cylinder A is a carpet that can be written 

as 



where the sets Qj, i G I, are C*-squares whose closures are pairwise 
disjoint and contained in the interior of A. Very similar terminology 
was employed in |Bol] . Note that in contrast to |Bolj our C*-cylinders 
A are closed and the C*-squares Q are open sets. 

Theorem 4.8 (Cylinder Uniformization Theorem). Let S be a carpet 
of measure zero in S 2 whose peripheral circles are uniformly relatively 
separated uniform quasicircles, and C\ and C2 be distinct peripheral 
circles of S. Then there exists a quasisymmetric map f from S onto 
a square carpet T in a C* -cylinder A such that f{C\) is the inner 
boundary component of A and /(C2) is the outer one. 

This is [Bol, Theorem 1.6]. In this statement, 5" is equipped with 
the spherical metric as by our convention adopted in the introduction. 
For the metric on T one can choose the spherical metric, the Euclidean 
metric, or flat metric on C*; they are all comparable on A and hence 



Let 5* be a carpet in S> 2 and C\ and C2 be two distinct peripheral 
circles of S that bound the complementary components D\ and D2 of 
S, respectively. We denote by T(Ci, C 2 ; S) the family of all open paths 
7 in § 2 \ (Di U D2) that connect D\ and D2. 

The following proposition gives an explicit description for the ex- 
tremal mass distribution for the carpet modulus mods^lXCi, C2] S)) 
under suitable conditions. 

Proposition 4.9. Let S be a carpet of measure zero in § 2 whose pe- 
ripheral circles are uniformly relatively separated uniform quasicircles, 
and G\ and C2 be two distinct peripheral circles of S. Then an extremal 
mass distribution p for mod5(r(Ci, C2] S)) exists, has finite and posi- 
tive total mass, and is given as follows: Let f be a quasisymmetric map 
of S to a square carpet T in a C* -cylinder A = {z G C: r < \z\ < R} 
such that C\ corresponds to the inner and C2 to the outer boundary 
components of A. Then p{Ci) = p(C*2) = 0, and for the peripheral 
circles C ^ C\, C 2 of S we have 



T = A\{jQ 



1 ■ 



on T. 



tc-(Q) 

\og(R/r) ' 



where Q is the C* -square bounded by /(C). 
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This is [Bolt Corollary 12.2]. Note that a map / as in this proposition 

The map / is actually unique up 



exists by the previous Theorem 4.8 



to scaling and rotation around as follows from Theorem 1.5 , which 
we will prove in Section |6j It follows from Proposition AA_ that / has 
a quasiconformal extension to § 2 , and so T is also a set of measure 
zero \UV\ Ch. IV, §1, Section 1.4, Theorem 1.3, p. 165]. From the 
explicit description of the extremal mass distribution it follows that 



0<mod 5 (r(C 1 ,C , 2 ;5)) 



2vr 



\og(R/r) 



< oo. 



In |Bolj the proof of Proposition 4.9 was fairly straightforward, but 
had to rely on Theorem |4.8 whose proof was rather involved. The only 
consequence of Proposition |4. 9| that we will use is that for the extremal 



density p we have p(C) > for all peripheral circles C ^ Ci, C 2 . It is 
an interesting question whether a direct proof of this statement can be 



given without resorting to Theorem 4.8 



5. Distinguished pairs of peripheral circles 

In the following it is convenient to use the term square also for the 
boundary of a solid Euclidean square in the usual sense. It will be 
clear from the context which meaning of square is intended. If Q is 
a square in either sense, then we denote by £(Q) its Euclidean side 
length. A corner of Q is an endpoint of a side of Q. 

With our terminology we can refer to the peripheral circles of the 
standard Sierpihski carpets S p , p > 3 odd, simply as squares. These 
squares arising as peripheral circles of S p form a family of uniform qua- 
sicircles in the Euclidean metric, since each of them can be mapped to 
the boundary dQo of the solid unit square Qq by a Euclidean similar- 
ity. This family is also uniformly relatively separated in the Euclidean 
metric, because if C and C are two distinct squares in this family, then 
for their Euclidean distance we have 

dist(C,C") > mm{£(C),£(C')} 

= - — y=r min{diam(C), diam(C")}. 
2v 2 

Since Euclidean distance and spherical distance on S p C § 2 = C are 
comparable, it follows that the family of peripheral circles is uniformly 
relatively separated and consists of uniform quasicircles also with re- 
spect to the spherical metric. S measure zero in addition, 
we can apply to S p the results that were stated in Section 111 Moreover, 
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by the comparability of Euclidean and spherical metric on S p the class 
of quasisymmetric self-maps on S p is the same for both metrics. 

Our goal in this section is to prove that any quasisymmetric self- 
map of S p preserves the outer and the middle squares as a pair. By 
definition the outer square O is the peripheral circle that corresponds to 
the boundary of the original unit square in the construction of S p . The 
middle square M is the boundary of the open middle square removed 
from the unit square in the first step of the construction of S p . It is 
the unique peripheral circle different from O that is invariant under all 
Euclidean isometries of S p . Note that these isometries of S p form a 
dihedral group with eight elements. 

Lemma 5.1. Let p > 3 be odd, and let C,C be any (unordered) pair 
of distinct peripheral circles of S p other than M, O. Then 

mod Sp (T(C,C';S p )) < mod Sp (T(M, O; S p )). 

Proof. The self-similarity of the carpet S p and the monotonicity prop- 
erty of the modulus give 

(5.1) mod Sp (nCC';S p )) < mod Sp (T(M,0; S p )). 

Indeed, if / and V are the side lengths of the squares C and C, respec- 
tively, then we may assume that / < /'. Then / < 1/p 2 . This implies 
that there exists a copy S C S p , S ^ S p , of S p , rescaled by the factor 
pi, so that C corresponds to M, the middle square. Then the outer 
square o of S is the rescaled copy of O, and the interior region of o is 
disjoint from C. Hence every path in T(C,C; S p ) meets o (possibly 
in one of its endpoints) and so contains a sub-path in T(C, o; S) (see 
Figure [2] for an illustration of this situation). Therefore, 

mod^r^C;^)) < mods p (r(C>; S)). 

On the other hand, 

mod 5p (r(0; S)) = mod s (T(C,o; S)), 

since every path in T(C, o; S) meets exactly the same peripheral circles 
of S and S p . Moreover, 

mod 5 (r(C>; S))=mod Sp (T(M,0;S p )), 



by Lemma 2.1 Inequality (5.1) follows. 
To reach a contradiction, assume now that 

(5.2) mod Sp (T(C,C' ] S p ))=mod Sp (T(M,0;S p )). 

Note that all carpet moduli considered above are finite by Proposi- 



tion 4.9, and so an extremal mass distribution exists for each of them 



by Proposition 2.4 Then (5.2), the preceding discussion, and the 
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FlGURE 2. The part of the carpet on the right bounded 
by the dashed line is a rescaled copy S of S p . 

uniqueness of the extremal mass distributions implies that the extremal 
mass distribution for mods (r(C, C'\ S p )) is obtained from the extremal 
mass distribution for mods p (T(M, O; S p )) by "transplanting" it to 5 us- 
ing a suitable Euclidean similarity between S and S p (similarly as in 
the proof of Lemma 2.1). Hence the extremal mass distribution for 



mods p (r(C, C; S p )) is supported only on the set of peripheral circles 
of S p that are also peripheral circles of 5*. This is however not the case 
as follows from Proposition 4.9[ and we arrrive at a contradiction. □ 



Corollary 5.2. Letp > 3 be odd. Then every quasisymmetric self-map 
of S p preserves the middle and the outer squares M and O as a pair. 

So if /: S p — > S p is a quasisymmetric map, then {f(M),f(0)} = 
{M,0}. This allows the possibility that / interchanges M and O, 
i.e., that f(M) = O and f(0) = M. We will later see that actually 
f(M) = M and f(0) = O (Lemma |8lj). 

Proof. Assume that / maps the pair M, O to some pair of periph- 
eral circles C,C By Proposition 4.1 the map / extends to a qua- 
siconformal homeomorphism F on S> 2 . In particular, T(C, C'\ S p ) = 



F(T(M } O; S p )). Lemma 2.1 then implies 
(5.3) 



mod Sp (r(C, C; S p )) = mod 5p (r(M, O; S p )). 



By Lemma 5.1 this is only possible if {C, C'} = {M,0}. 



□ 



Corollary 5.3. Letp > 3 be odd. Then the group QS(S P ) of quasisym- 
metric self-maps of S p is finite. 



Proof. According to Corollary 5.2 the middle square M and the outer 
square O of S p are preserved as a pair under every quasisymmetric self- 



map of S p . Moreover, by Corollary 4.6 the group G of all orientation- 



preserving quasisymmetric self-maps / of S p with f(M) = M and 
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f(0) = O is finite cyclic. If /i,/2 G QS(S , P ) are orientation-reversing, 
then /{" o f 2 G QS(S , p ) is orientation-preserving. Likewise, if /i,/2 G 
QS(S'p) interchange M and O, then /f 1 o / 2 preserves both M and O 
setwise. This implies that G is a subgroup of QS(S , P ) with index at 
most 4. Since G is a finite group, QS(S , P ) is finite as well. □ 

6. QUASISYMMETRIC RIGIDITY OF SQUARE CARPETS 

In this section we prove quasisymmetric rigidity results for square car- 
pets in rectangles and for square carpets in C*-cylinders. 

By definition a square carpet S in a closed Jordan region D C M 2 = C 
is a carpet S C D so that dD is a peripheral circle of S and all other 
peripheral circles are squares with sides parallel to the coordinate axes 
(see Figure |3|. We equip such a carpet with the Euclidean metric. 

In the ensuing proofs all metric 



We will now prove Theorem 1.4 



concepts refer to the Euclidean metric on Mr = C. Moreover, we will 
use the Euclidean metric also as a base metric in the definition of 
conformal modulus of a path family. 




Figure 3. A square carpet in a closed Jordan region. 



Proof of Theorem \l-4\ Without loss of generality we may assume that 
a < a. Suppose / is a quasisymmetric map as in the statement. Note 
that the peripheral circles of S are uniform quasicircles; this is clear if 
we use the Euclidean metric, but on K the Euclidean and the spherical 
metrics are comparable, and so the peripheral circles of S are uniform 
quasicircles also with respect to the spherical metric. Hence by Propo- 
sition 



4.1 the map / extends to a quasiconformal map F on S>^ 



We denote by Ci, i € N, the peripheral circles of S distinct from dK, 
and by Qt the closed solid square bounded by Cj. We set Cj := /(Cj). 
Then the sets Cj, i G N, are the peripheral circles of S distinct from 
dK. For % G N let Qi be the closed solid square bounded by Ci. Note 
that then Q t = F(Qi). 
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For t G [0, a] we denote by j t the path u \— > t + iu, u G [0, 1], and let 
T = {jt '■ t G [0,a]}. So T consists precisely of the closed vertical line 
segments connecting the horizontal sides of K. Then mod(T) = a and 
the function po = 1 on K is an extremal density for mod(T). If p is 
another extremal density for mod(T), then p(z) = 1 for almost every 
zeK. 

We define a Borel density pi on K as follows. For z G K we set 
Pi(z) = i(Qi)/£(Qi) if z G for some i £ J, and pi(V) = otherwise. 
We will show that j^pids > 1 for almost every path 7 G T. This 
will make it possible to adjust pi on a set of measure zero so that the 
resulting density is admissible for T. 

To see this, let E be the set of all t G [0, a] for which j t ^S has positive 
length, i.e., E = {t G [0, a] : f t xs ds > 0}. Since S has measure zero, it 
follows from Fubini's theorem that E has 1-dimensional measure zero. 

Moreover, since quasiconformal maps are absolutely continuous on 
almost every line |LVt Theorem 3.1, p. 170], there exists a set E' C [0, a] 
of 1-dimensional measure zero such that the map u 1— > E(t + iu) is 
absolutely continuous on [0, 1] for each t G [0, a] \ E'. 

If we define Eq = E U E' C [0,a], then also has 1-dimensional 
measure zero. Moreover, if t G [0, a] \ E, then the map u 1— > E(t + i-u) 
is absolutely continuous on [0, 1], and j t H 5 has length zero. It follows 
that -F(7t flS) = F^t) fl S* also has length zero. By our normalization 
assumption, the map /, and hence also its extension F, sends each 
horizontal side of K to a horizontal side of K. Thus F{^ t ) joins the 
horizontal sides of K and we conclude that 

J Pl ds= Yl w^ 1 - 

For z E K define P2(<z) = 00 if z G E x [0, 1] and P2(z) = otherwise. 
Then f t p 2 ds = 00 for t G Eq. It follows that p = pi + P2 is admissible 
for T. Moreover, since p%{z) = for almost every z G K, we have 

/ p 2 rfA= / p?dA = V^(Qi) 2 = a<a = mod ( r )> 

where dA indicates integration with respect to 2-dimensional Lebesgue 
measure. Therefore, a = a, K = K, and p is extremal for mod(r). 
Hence p(z) = 1 for almost every z G K which in turn implies that 
£(Qi) = £(Qi) for all i G N. So each square Qi has the same side length 
as its image square Qi = F(Qi). 
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We will next show that actually Qi = Qi for each i G N. To see 
this, let % G N be arbitrary, and consider the family V of all open line 
segments that are parallel to the real axis and connect the left vertical 
side of K to the right vertical side of Qi. Let 7 G V and assume in 
addition that 7 D S has length zero and that F is absolutely continuous 
on 7. Then the intersection ^(7) D S also has length zero, and we have 

length( 7 )= J2 

7 nQ^0 

Since F sends each peripheral square to a square of the same side 
length, we conclude that for the length L of the projection of -F( 7 ) to 
the real axis we have 

L< e (Qi)= E *(Q;)=length( 7 ). 

In other words, the length of the projection of 7 to the real axis (which 
is equal to the length of 7) does not increase under the map F. 

By an argument similarly as above, one can see that the family T' of 
all line segments 7 G V for which 7 D S has positive length or for which 
F is not absolutely continuous on 7 has modulus zero. In particular, 
for each 7 G V there are line segments 7' G T' \ T' Q that are arbitrarily 
close to 7. Since the length of the projection of each such line segment 
7' to the real axis does not increase under F, it cannot increase for any 
7 G T' either. 

We conclude that the distance of Qi to the left vertical side of K — K 
is bounded from above by the distance of Qi to the left vertical side 
of K. Using the same argument for the inverse map, we conclude that 
these distances are actually equal. We can apply the same reasoning 
for other pairs of respective sides of K and Qi. Hence Qi and Qi are 
squares in K = K with the same distances to all sides of K. This 
implies Qi = Qi. 

Moreover, we can actually deduce that F maps each side of Cj = dQi 
into itself. Indeed, let p G Cj be a point on the right vertical side of Cj, 
say. If T' is as above, then there is a line segment 7 G V which has p 
as one of its endpoints. Then F{j>) G Cj = Cj is one endpoint of F o 7, 
while the other endpoint lies on the left vertical side of K. As we have 
seen, the length of the projection of F 07 to the real axis is bounded by 
the length of 7 which is equal to the distance of Cj to the left vertical 
side of K. This is only possible if F{p) lies on the left vertical side of 
Cj. So F maps this side into itself, and, similarly, each side of Cj into 
itself. This in turn implies F must fix each corner of Cj. 
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Since i G N was arbitrary, we conclude S = S, and that F, and 
hence also /, fixes the corners of all squares Qi, i G N. 

Now every subset of a carpet that meets all but finitely many periph- 
eral circles is dense. In particular, the set D consisting of all corners 
of the squares Cj, % G N, is a dense subset of S. Since / is the identity 
on D, it follows that the map / is the identity on S. □ 



We now prove Theorem 1.5 The argument is very similar to the 
proof of Theorem 1.4 In the proof metric notions refer to the flat 
metric on C* given by the length element We will also use it 

as a base metric for modulus. For terminology related to C*-cylinders 
and C*-squares used in the ensuing proof see the discussion before 
Theorem 14.81 



Proof of Theorem 1.5 Let / be as in the statement. Each C*-square 
Q (equipped with the flat metric on C) that satisfies £(Q) < n is 
isometric to a Euclidean square of the same sidelength. So the family 
of all peripheral circles of S that bound such C*-squares consists of 
uniform quasicircles. There are only finitely many peripheral circles not 
in this family, namely the boundary components of A and boundaries 
of complementary components of S that are C*-squares Q with 7r < 
£(Q) < 2tt. Since each of these finitely peripheral circles (equipped with 
the flat metric on C*) is bi-Lipschitz equivalent to the unit circle, it 
follows that the family of all peripheral circles of S consists of uniform 



quasicircles. So again by Proposition |4.1| we can extend the map / to 
a quasiconformal map F on S> 2 . Then F, as the map /, is orientation- 
preserving. 

We may assume that the inner components of A and A are equal to 
the unit circle, and the outer boundary components of A and A are 
equal to {z G C : \z\ = R} and {z G C : \z\ = R}, respectively, where 
1 < R < R. We denote by Qi, i G N, the (open) C*-squares whose 
boundaries give the peripheral circles of S distinct from the boundary 
components of A, and set Qi = F(QA for i G N. Then dQi, i G N, 
is the family of all peripheral circles of S distinct from the boundary 
components of A. 

We now consider the family T of closed radial line segments joining 
the boundary components of A. Then mod(r) = 27r/log(i?), and p = 
1 / log(i?) is the essentially unique extremal density (with the flat metric 
as the underlying base metric). On the other hand, we define a density 
pi on A such that 

Pi( z ) ~ 



\og(R)£ c *(Qi) 
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if z G Qi for some i 6 N, and p(z) = elsewhere on A. As in proof 



of Theorem 1.4, one shows that up to adjustment on a set of measure 



zero, p\ is admissible for T. Moreover, 

/ p \dA c * = - „ Y^iQif = — — < 7—f =mod(r), 
h PX \og 2 (R) V Iog(i2) " M^) 

where eMc* means integration with respect to the area element induced 
by the flat metric. Hence R = R, A = A, and pi (up to a change 
on a set of measure zero) is extremal for mod(T). We conclude that 
Pi = l/log(i?) almost everywhere on A, which implies that £c*{Qi) — 
£c*{Qi) for all i 6 N, So again each C*-square Qi has the same side 
length as its image Qi under F. 

U sing this and arguments similar to the ones in the proof of Theo- 



rem 



1.4 



one can show that for each i G N the squares Qi and Qi have 
the same distances to the inner and outer boundary components of A, 
and that F maps the bottom and top sides of Qi to the bottom and top 
sides of Qi, respectively. This implies that F sends the corners of Qi 
to the corners of Qi. Since F is orientation-preserving, the cyclic order 
of the corners is preserved under the map F. It follows that for each 
i G N, there exits a rotation r« around such that ri(Qi) = F(QA = Qi, 
and such that r^fc) = /(c) = F(c) if c is a corner of Qi. 

So far, we exclusively used the behavior of F on radial directions. 
We will now investigate the behavior of F on "circular directions" . To 
do this, we consider the circular projection 

Pi := {t G R : te ia G Q t for some a G [0, 2tt]} 

of Qi to the real axis. Each set Pi, i G N, is an open subinterval of 
(1,R). 

If Pi fl Pj 7^ for i, j 6 N, i / j, then the circular projections of 
the squares Qi and Qi overlap, and so we can find a family V of closed 
circular arcs 7, each contained in a circle of radius t G Pi (1 Pj, that 
join two vertical sides of Qi and Qj facing each other. This family V 
has positive modulus, and similarly as in the proof of Theorem 1.4 , one 
can show that the length of the radial projection of each path 7 G V to 
the unit circle does not increase under the map F. Applying the same 
argument to the other pair of vertical sides of Qi and Qj facing each 
other, we conclude that the circular distance of Qi and Qj is the same 
as the circular distance of image squares Qi and Qj. This implies that 
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We can write 

U.= {JP l = \jM k , 

i keJ 

where J is a countable index set, and the sets Mfc, k G J, are pairwise 
disjoint open subintervals of (1,-R) forming the connected components 
of U. Suppose that = (0^,6^), where 1 < < b k < R, and set 
Ak := {z G C : aj, < \z\ < bk}- For every i E N there exists precisely 
one k G J such that Qi C A^. Moreover, since any two points u, v G 
can be connected by a chain of intervals Pi Cij., it follows that r« = rj 
whenever Pi, Pj C for some k G J . So for each fce J there exists 
a rotation f& around such that = whenever Qi C Afc. 
We claim that 

(6.1) /|SnA fc = f fc |SnAfc 

for each k £ J. To see this let G J and ;?o G 5 PI be arbitrary. 
Since the set of corners of the C*-squares Qi is dense in S, there exists 
a sequence (c n ) of such corners with c n — )■ as n — > oo. If c„ is a 
corner of the C*-square Qi n , then Q in C for sufficiently large n. For 
these n we have fk{c n ) = r in (c n ) = f(c n ). Passing to the limit n — > oo, 
we conclude that indeed fk(zo) = f(zo) as desired. 
We also have 

(6.2) f\dQ l = r i \dQ i 



for each i G N. Indeed, let i G N be arbitrary. By (6.1) it is clear 
that / and agree on the interior of each vertical side of Qi, because 
these interiors are contained in a suitable set S fl A\~. Let u be a point 
on one of the other sides of Qi, say on the bottom side of Qi. Pick a 
corner v of Qi on the same side. We will construct a sequence (kj) in 
J, and sequences (uj) and (vj) of points such that Uj, Vj G S PI for 



j G N, and Uj — )■ n and i>j — > f as j — >• oo. Then by (6.1), we have 
fkjiuj) = f(uj) and fk^Vj) = f(vj). By passing to a subsequence if 
necessary, we may assume that the rotations converge to a rotation 
r' uniformly on A as j — > oo. Then r'(-u) = f(u) and r'(u) = /(f). 
Since v is a corner of Qi, we also have ri(v) = f(v) = r'(v). Hence 
r' = Ti, and so rj(-u) = r'{u) = f(u) as desired. 

To produce the sequences (uj) and (vj), we consider the set of E = 
[1, R] \ U . This is the set of all radii of circles centered at that lie in 
S. Since S has measure zero, E has 1-dimensional measure zero. 

Suppose that u = se ia , where 1 < s — \u\ — \v \ < R and a G [0, 2ir]. 
Since E is a set of measure zero, we can find a sequence (sj) of "good 
radii" such that Sj G (1, s)\E and Sj — > s as j — > oo. Then there exists 
kj G J such that Sj G A^ for j G N. Define = Sj-e*" for j G N. Then 
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u'j G Ak j C A for j G N, and u'j — > u as j — > oo, but the sequence (w^) 
is not necessarily contained in S. To achieve this we shift each point 
u'j on the circle {z : \z\ = Sj} if necessary. More precisely, if u'j G 5, we 
let Uj := If u'a does not lie in S, then i/- is contained in one of the 
C*-squares Q h I G N. We can then move u'j on the circle {z : \z\ = Sj} 
to a point ttj on one of the vertical sides of Qi. Note that Qi ^ Qi, and 
so the diameter of Qi is small if j is large, since C*-squares Q\ ^ Qi 
exceeding a given size cannot be arbitrarily close to Qi. So we have 
Uj G S fl Afc . and w,- — >■ w as j — )■ oo. A sequence (vj) with Vj E S P\ A^. 
for j 6 N and with Vj — » u as j — > oo is constructed similarly. Note 
that our construction guarantees that Uj and Vj lie in 5 and in the same 
set Aj~. which was crucial for the argument in the previous paragraph. 

Now that we have established (6.2), we can finish the argument as 
follows. The proof of Proposition 5.1 in |Bolj combined with (6.2) 
shows that one can find a quasiconformal extension F of / to § 2 such 
that F\Qi = ri\Qi for each i G N. Then F is conformal on each 
Qi. Since F is quasiconformal and the squares Qi fill A up to a set 
of measure zero, it follows that F is a 1-quasiconformal map on the 
interior of A. Hence F is a conformal map on the interior of A |LV| 
Theorem 5.1, p. 28]. Since F = r\ on Qi, it follows that F\A is a 
rotation around 0. Then on S the map / = F\A also agrees with such 
a rotation. The statement follows. □ 



7. Weak tangent spaces 
In this section we discuss some facts about weak tangents of the carpets 



S p . The most important result here is Proposition 7.3 which will be 
crucial in the proofs of our main theorems. 

In general, weak tangent spaces can be defined as Gromov-Hausdorff 
limits of pointed metric spaces obtained by rescaling the underlying 
metric (see |BBIt Chapters 7,8] and \DS\ Chapter 8] for the general def- 
initions, and |BK2j for applications very similar in spirit to the present 
paper). As we will need this only for the carpets S p , we will first present 
a suitable definition for arbitrary subsets ofC = CU{oo} = § 2 and 
then further adjust the definition for the carpets S p . 

If a, b G C, a ^ 0, and M C C, we denote by aM + b the image 
of M under the Mobius transformation z i— )■ az + b on C. Let A be 
a subset of C with a distinguished point z G A, z ^ oo. We say 
that a closed set C C is a weak tangent of A (at Zq) if there 
exists a sequence (A n ) of positive real numbers with A n — > oo such 
that the the sets A n := X n (A — z ) tend to A^ as n — > oo in the 
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sense of Hausdorff convergence on C equipped with the spherical metric 
(see |BBI[ Chapter 7, Section 7.3.1] for the definition of Hausdorff 
convergence of sets in a metric space). In this case, we use the notation 

= lim (A,z ,X n ). 

n— >oo 

So a weak tangent of A at zq is obtained by extracting a limit from 
"blowing up" A at zo by suitable scaling factors A n — > oo. Every weak 
tangent of A contains 0, and, if A is not a singelton set, also the point 
oo. 

A set A C C has weak tangents at each point z G A \ {oo}, because 
for every sequence (A n ) of positive numbers with A n — > oo, there is a 
subsequence (A n J such that the sequence of the sets A nk = \ nk (A — z ) 
converges as k — > oo ( [BBIj. Theorem 7.3.8, p. 253]). In general, weak 
tangents at a point are not unique. In particular, if A > and A^ is a 
weak tangent of A at a point, then XAoo is also a weak tangent. 

It is advantageous to avoid this scaling ambiguity of weak tangents 
for the standard carpets S p , p > 3 odd, and restrict the scaling factors 
A n used in the definition of a weak tangent to powers of p. So in the 
following, a weak tangent of S p at a point zq G S p is a closed set A^ C C 
such that 

= lim (S p ,z ,p kn ), 

n— »oo 

where k n G No and k n — > oo as n — > oo. If this limit exists along the 
full sequence (p n ), i.e., if 

A^ = lim (S p ,z ,p n ) 

n— >oo 

exists, then A ro is the unique weak tangent of S p at z . We equip each 
weak tangent of S p with the spherical metric unless otherwise indicated. 

We now exhibit some points in S^, where we have unique weak tan- 
gents, and set up some notation for the weak tangents thus obtained. 

Fix an odd integer p > 3. At the point the carpet S p has the 
unique weak tangent 

(7.1) W w/2 := lim (S p ,0,p n ) = {oo} U M p n S p . 

neN 

The existence of this and similar limits below can easily be justified 
by observing that by self-similarity of S p the relevant sets involved 



form an increasing sequence. Here (7.1) follows from the inclusions 
p n S p C p n+1 S p for n G N . 

Similarly, at each corner of O there exists a unique weak tangent of 
S p obtained by a suitable rotation of the set W^/i around 0. 
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Figure 4. The weak tangent space W n / 2 for p = 3. 

Let m = 1/2 be the midpoint of the bottom side of O. Then at the 
point m the carpet S p has the unique weak tangent 

W n := lim (S p , l/2,p n ) = {oo} U M p n (S p - m). 

n— »oc v -' 

neNo 

Moreover, if zq is any midpoint of a side of a square that is a peripheral 
circle of S p , then has a unique weak tangent at z obtained by a 
suitable rotation of the set W w around 0. This easily follows from the 
fact that for the existence and uniqueness of a weak tangent at a point 
zq, only an arbitrary small (not necessarily open) relative neighborhood 
of zq in S p is relevant, as the complement of such a neighborhood will 
"disappear to infinity" if the set is blown up at zq. Moreover, by self- 
similarity of S p for each of these midpoints z we can choose a relative 
neighborhood N of Zq in S p so that a suitable Euclidean similarity maps 
iV to S p and z to m, and where the scaling factor of the similarity is 
an integer power of p. 
Let 

p-1 p- 1 . 

c := — 1 

2p 2p 

be the lower left corner of M. Then at c the carpet S p has a unique 
weak tangent 

W 3n/2 := lim (S p ,c,p n ) = {00} U |J U (-i)^ U (-1)S P ). 

neN 

Note that W 3w /2 can be obtained by pasting together three copies of 
W n /2- If Zq is any corner of a square C ^ O that is a peripheral circle 
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of S p , then S p has a unique weak tangent at z obtained by a suitable 
rotation of the set Ws n /2 around 0. 

The angles tt/2, tt, 3tt/2 used as indices of the above weak tangents 
indicate that the corresponding space is contained in the closure of the 
quarter, half-, and three-quarter plane, respectively. Mostly, it will be 
clear from the context what p is, so we will usually omit an additional 
label p from the notation; if we want to indicate p, then we write 
W^/vip) for the weak tangent Wn/2 of S p , etc. 

For p > 3 odd, we denote by D p the set of all midpoints of sides and 
all corners of squares that are peripheral circles of S p . It follows from 
our previous discussion that at each point z Q G D p the carpet S p has 
a unique weak tangent W isometric to one of the sets W n / 2 , W^, or 
W / 37r/2- The weak tangent W of S p at zq G D p can always be written as 

(7.2) jy = {oo}U |J p n (N-z ), 

neNo 

where N is a suitable relative neighborhood of zq in S p such that 

(7.3) p n (N-z )Cp n +\N-z ) 

for all n G N . Actually, we can choose N to be a rescaled copy of S p 
(if W is isometric to W / 7r / 2 or W n ) or a union of three rescaled copies of 
S p (if W is isometric to W 37T / 2 ). Note that (7.2) and (7.3) imply that 
p n W = W for all n G Z. 

Lemma 7.1. Lei p > 3 be odd, z G -D p; and 5e i/ie u>ea£; tangent 
of S p at Zq. Then W is a carpet of measure zero. IfW is equipped with 
the spherical metric, then the peripheral circles of W form a family of 
uniform quasicircles that are uniformly relatively separated. 

Proof. We know that up to rotation around 0, the set W is equal to 
one of the weak tangents W n /2, W w , W 3n / 2 . So it is enough to show 
the statement for these weak tangents. We will do this for Wn/2- The 
proofs for W n and W 3lT /2 are the same with minor modifications. 
First note that W n / 2 is a carpet, since it can be represented as in 



(1.1). Moreover, this set has measure zero, because by (7.2) it can be 
written as a countable union of sets of measure zero. 
Let 

tt = {z EC: Re(z) > and Im(z) > 0} 

be the open quarter-plane whose closure (in C) contains Wn/2- Then 
dfl is a peripheral circle of H / 7r /2- Since dQ can be mapped to the unit 
circle by a bi-Lipschitz map, this peripheral circle is a quasicircle. 

All other peripheral circles of W n / 2 are squares; actually, they are 
precisely the squares of the form C = p n C, where p G N and C is 
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a peripheral circle of S p different from the outer square O. As all of 
these peripheral circles are similar to O, and O is bi-Lipschitz equiv- 
alent to the unit circle, the peripheral circles C ^ dVL of W^/i are 
uniform quasicircles in the Euclidean metric. This is equivalent to a 
uniform lower bound for certain (metric) cross-ratios of points on these 
peripheral circles (see |Boll Proposition 4.4 (iv)]). Since cross-ratios 
for points in C are the same in the Euclidean and in the chordal metric 
(the restriction of the Euclidean metric on IR 3 to §> 2 = C), it follows 
that the peripheral circles C ^ dQ of W form a family of uniform qua- 
sicircles in the chordal metric. Since chordal and spherical metric on 
C are comparable, we also get a family of uniform quasicircles in the 
spherical metric. If we add the quasi-circle dfl to this collection, we 
still have a family of uniform quasicircles in the spherical metric. 

The uniform relative separation property of the peripheral circles of 
W n /2 can be established similarly by passing from the Euclidean to the 
chordal and the spherical metrics. Namely, first note that if C and C 
are peripheral circles of W n /2 and C ^ C, then for their Euclidean 
distance we have 

dist(C,C") > ?^—mm{£(C),£(C')}, 

where £{C) and £{C') denote the Euclidean side lengths of C and C, 
respectively, with the convention £(dQ) = oo. This follows from the 
fact that if £{C) < t{C) say, then there exists a rescaled copy S of S p 
in W n /2 with CCS such that C corresponds to the middle square of 
S p , and C meets S at most in points of the peripheral circle o of S 
that corresponds to O. 

The relative uniform separation of the family of all peripheral cir- 
cles of W n /2 with respect to the Euclidean metric follows. Again this 
is equivalent to a uniform lower bound for certain metric cross-ratios 
(this follows from |Boll Lemma 4.6]; to include dfl, we need a slightly 
extended form of this lemma where one of the sets is allowed to have 
infinite diameter, but the statement and the proof of the lemma can 
easily be adjusted). Since cross-ratios are unchanged if we pass to the 
chordal metric, it follows that the family of peripheral circles of W n /2 is 
uniformly relatively separated with respect to the chordal metric, and 
hence also with respect to the spherical metric. □ 

We are interested in quasisymmetric maps g: W — >■ W between weak 
tangents W of S p and weak tangents W of S q . Note that 0, oo G W, W . 
We call g normalized if g(0) = and <?(oo) = oo. 
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Lemma 7.2. Let p, q > 3 be odd, z G D p , Wo G D q and f : S p — » S q be 

a quasisymmetric map with f(zo) = wq. Then f induces a normalized 
quasisymmetric map g between the weak tangent W of S p at zq and the 
weak tangent W of S q at wq- 



Proof. By Proposition |4.1 we can extend / to a quasiconformal home- 



omorphism F: C — > C By our discussion earlier in this section, there 
exists a relative neighborhood iV of z in S p and a relative neighbor- 
hood N' of Wq in S q such that W \ {oo} = U wgNn p n (N — z ) and 



W \ {oo} = (J nEN Q n ( N ' ~ w o)- Moreover, by i\7\ty we may assume 
p-' n (N - z Q ) C - z Q and q- n (N' - w ) C N' - w for all n G N . 
Pick a point uq E N — zq, uq ^ 0. Then for each n G No we have 

z +p- n u E N \ {zq} C S p , 

and so -F(z + P~ n ^o) 7^ w^o, c>o. Hence we can choose a unique number 
k(n) G Z as follows: if we define the map F n : C — >■ C by 

F n (u)=q k ^(F(z +p- n u)-w ) 

for u G C, then 

1 < \F n (u )\ <q. 

Note that k{n) — > oo as n — > oo. Since F(oo) G" S^, and so F(oo) 7^ w , 
this implies that F n (oo) — > 00 as n — > 00. We also have F n (0) = 0. 
So the images of 0, 00, and u 7^ 0, 00 under F n have mutual spherical 
distance uniformly bounded from below independent of n. Moreover, 
each map F n is obtained from F by pre- and post-composing by Mobius 
transformations. Hence the sequence (F n ) is uniformly quasiconformal, 
and it follows that we can find a subsequence of (F n ) that converges 
uniformly on C to a quasiconformal map F^ |LV|. Theorem 5.1(3), 
p. 73]. By passing to yet another subsequence if necessary, we can also 
assume that we have uniform convergence of the inverse maps in the 
subsequence to F^ 1 . 

In this way, we can find sequences (k n ) and (l n ) of natural numbers 
with k n — > 00 and l n — > 00 as n — » 00 such that if we define 



q kn (F(z +p ln u) -w ) 



for u G C, then F n — > F^ and F n 1 — > F^ 1 uniformly on C as n — > 00. 
Then ^(0) = and F^oo) = 00. Moreover, since F^ is quasiconfor- 
mal, this map is a quasisymmetry on C |HK| Theorem 4.9]. 

So to prove the statement of the lemma, it suffices to show that 
Foc(W) = W, because then g := FodH 7 is an induced normalized 
quasisymmetric map between W and W as desired. 
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Let u G W be arbitrary. If u = oo, then Foo(u) = oo G H 7 '. If 
u E W \ {oo}, then u G p m (N — zq) for some m G No, and so 



v 



for large n. Since z + p ln u — > z as n — > 00, it follows that 

F{z +p~ ln u) C iV' 
for large n, and so F n (w) G W 7 . Since W 7 ' is closed, we have 

Foo(u) = lim F n (u) G W. 

Hence F^W) C W. 
Note that 

Fn\w) = p ln {F-\w + q- kn w) - Zq) 

for io G C. So we can apply the same argument to the inverse maps, 
and conclude that F~ l {W) C It follows that F^W) = W as 
desired. □ 

The previous lemma is an instance of the more general fact that a 
quasisymmetric map between two standard carpets induces a normal- 
ized quasisymmetric maps between weak tangents. It is likely that such 
a map only exists if the weak tangents are isometric. If this were the 
case, then this would put strong restrictions on the original quasisym- 
metric map. Unfortunately, we are only able to prove one result in this 
direction. 

Proposition 7.3. Let p > 3 be odd. Then there is no normalized 
quasisymmetric map from W n / 2 (p) onto W^^ip)- 

The proof will occupy the rest of the section. We fix an odd number 
p > 3 in the following. Weak tangents refer to S p , and we write W n / 2 = 
W w / 2 (p), etc. 

We cannot prove that there is no normalized quasisymmetric map 
between W n / 2 and W n or between W 37r /2 and W n . If this were true, the 



proofs of Theorems 1.1 and 1.3 would admit some simplifications. 

Let G and G denote the group of normalized orientation-preserving 
quasisymmetric self-maps of W n / 2 and W 3w / 2 , respectively. Then G and 

G both contain the map z 1— > fi(z ) := pz induced b y mu ltiplication by 



p, and so it follows from Lemma 7.l| and Corollary 4.5 that G and G 



are infinite cyclic. Let be a generator of G. It is actually very likely 
that G is generated by /i, and that we can take = /i, but there seems 
to be no easy proof for this statement. So the subsequent argument 
cannot rely on this which causes some complications. In any case, we 
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have p = s for some s G Z \ {0}. By replacing by 1 if necessary, 
we may assume that s > 0. 



By Lemma 7.1 and Proposition 4.1 there exists a quasiconformal 



map <3> : C — > C whose restriction to is equal to 0. Then $(0) =0 
and $(oo) = oo. Let 

fi:={zeC: Re(z) > and lm(z) > 0}. 

Then Co '■— dQ is a peripheral circle of W n /2 and we have $(<9fi) = 
0(<9fi) = dQ. Since 0, and hence also $, is orientation-preserving, these 
maps fix the positive real axis and the positive imaginary axis setwise. 
It follows that = Q. 

Let T be the family of all open paths in the region Q that connect the 
positive real and positive imaginary axes. By what we have just seen, 
the path family T is ^-invariant. The peripheral circles of W v /2 that 
meet some path in V are precisely the peripheral circles C ^ Co = dQ 
(this is why we chose T to consist of open paths). It follows from 



Corollary 4.7 that n (C) ^ C for all n G Z \ {0} and all peripheral 



circles C of W n /2 that meet some path in T. So we can apply Lemma 3.3 
and conclude that 

(7.4) mod^ /2/( ^(r) = mod^ /2 / ( ^>(r) = s mod^ /2 / G (r). 

Lemma 7.4. We have < mod w ^ /2 / G (T) < oo. 



Proof. By (7.4) it is enough to show that 

< mod V y 7r/2 /( At )(r) < oo. 

To establish the inequality modvy 7r/2 /( A1 )(r) < oo, it suffices to exhibit 
an admissible mass distribution of finite mass. 

If C 7^ C = dQ is a peripheral circle of W n /2, we denote by 9(C) the 
angle under which C is seen from the origin, i.e., 9(C) is the length of 
the circular arc obtained as the image of C under the radial projection 
map z G C\{0} H- pr(^) := zj\z\ to the unit circle. We set p(Cq) := 0, 
and p(C) := -9(C) for all peripheral circles C ^ Co- We claim that p 
is admissible for mod^- , 2 /(^)(r). 

To see this, first note that p is constant on orbits of peripheral circles 
under the action of the group (p). Let r denote the family of all paths 
7 in r that are not locally rectifiable or for which 7 D W n /2 has positive 
length. Since W n /2 is a set of measure zero, we have mod(r ) = 0. 

If 7 G T, then pr(7) = a := {e lt : < t < vr/2} and the projection 
map pr is a Lipschitz map on 7. So if 7 G T \ T , then up to a set 
of measure zero, pr(7) = a is covered by the projections pr(C) of the 
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peripheral circles that meet 7. It follows that 

for all 7 G r \ To- So p is indeed admissible. 

To find a mass bound for p note that every (/z)-orbit of a periph- 
eral circle C / Co has a unique element contained in the set F : = 

KQo) \ Qo ( reca11 that Qo = [0, 1] x [0, 1] C M 2 = C denotes the unit 
square). Moreover, there exists a constant K > such that 

0(C) < K.£(C) 

for all peripheral circles C of with CCF. It follows that 
mass^ /2/(M> (p) = ^ E ^ < E ^ = Area ( F ) = " 

CCF CCF 

where Area(F) denotes the Euclidean area of A. Hence p is an admis- 
sible density for modw^/^) (T) with finite mass as desired. 

To show that mod^r , 2 /( M ) (T) > 0, we argue by contradiction and 
assume that mod^- , 2 /(^ (r) = 0. For k G N let Ck denote the set of all 

peripheral circles C of W n /2 with C C F fc := p h (Qo) \ A*~ fe (Qo)- Then 
every orbit (9 of a peripheral circle C 7^ Co under the action of (p) has 
exactly 2k elements in common with Ck- Hence #(OC\Ck) < '■— 2k. 
Moreover, since every path 7 G T lies in for sufficiently large k, 
we have T = [J k T^, where Tk denotes the family of all paths in F that 
only meet peripheral circles in Ck- This and the previous considerations 



imply that the hypotheses of Proposition 3.2 are satisfied. Hence there 
exists an extremal mass distribution for mod^r , 2 /( M )(r). 

By our assumption mod^ 7r/2 /( At )(r) = 0. This is only possible if 
every path in T belongs to the exceptional family for modpp , 2 /( M )(r). 
We conclude that mod(T) = 0; but obviously mod(T) = 00, and we 
obtain a contradiction. □ 

Let H be the group of homeomorphsims of C generated by the re- 
flections in the real and in the imaginary axes. Then H consists of 
precisely four elements. 

We may assume that the quasiconformal map $ whose restriction 
to W n /2 is equal to the generator of G has the property that it is 
equivariant under H in the sense that $ o a = a o $ for all a G H. 

Indeed, if the original map $ does not have this property, then we 
restrict it to the first quadrant and extend this restriction by succes- 
sive reflections in real and imaginary axes to the whole sphere. The 
new map $ obtained in this way is clearly an orientation-preserving 
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homeomorphism with the desired equivariance property. It is also qua- 
siconformal away from the real and positive imaginary axes. Since sets 
of finite 1-dimensional Hausdorff measures form removable singularities 
for quasiconformal maps \UV\ Theorem 3.2, p. 202], <3> will actually be 
a quasiconformal map on C. As before, $|W / vr /2 = <p- 
Let 

Q:= {zeC: Re(» < or lm(z) < 0}. 

Then Q is a three-quarter plane whose closure contains W 37r / 2 , and 

Co = dQ = dQ is a peripheral circle of W 3n / 2 . The set W 3n / 2 consists 
of three copies of W n / 2 that can be obtained by successive reflections in 
the real and positive imaginary axes. By its equivariance property the 
map $ restricts to a normalized orientation-preserving quasisymmetric 
self-map ip := §\W 3n/2 of W 3n/2 . 

Recall that G denotes the infinite cyclic group consisting of all nor- 
malized orientation-preserving quasisymmetric self-maps of W 37T / 2 . Then 

we have ip G G, and (-0) is an infinite cyclic subgroup of G. 

Let T be the family of all open paths in Q that join the positive real 
and the positive imaginary axes. 

Lemma 7.5. We have mod W: ^ /2 / {i)) (T) < | mod w ^ /2 / G (T) . 

Proof. Essentially, this follows from an application of a suitable "serial 
law" to modulus with respect to a group. 

More precisely, suppose that p is an arbitrary admissible invariant 
mass distribution for mod^ /2 /G(r) with exceptional family r . We 
want to use p to define a suitable admissible mass distribution p for 
modiy 3 , 2 /(^)(r). For the special peripheral circle Co of W 3n / 2 we set 

p{Co) = 0. If C is any peripheral circle of W 37T / 2 with C ^ Co, then 
there exists a unique element a G H such that a{C) is a peripheral 
circle of W w/2 . We set p(C) := \p{a{C)). 

By the equivariance property of $ and the fact that p is constant on 
orbits of G = (0), it follows that p is constant on orbits of (i/j). 

Let r be family of all paths in T that have a subpath that can be 
mapped to a path in T by an element a G H. Since mod(r ) = 0, we 
have mod(r ) = 0. 

Let 7 G T be arbitrary. Then 7 has three disjoint open subpaths 
(one for each quarter-plane of Q) that are mapped to a path in T by a 
suitable element in H. Let 7^ i = 1,2, 3, denote these image paths in 
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T. If in addition 7 ^ r , then 7, T for i = 1,2, 3; so 

E /^)>^E E A»(co>i 

for all 7 6 r \ T . Hence p is admissible for modjy 37r/2 /(^)(r) and it 
follows that 

mod wWw(r) ^ mass ^/ 2 /w(p) < |mass^ /2 / G (p). 

Since p was an arbitrary admissible mass distribution for modyi^^/cfT), 
the statement follows. □ 



Proof of Propsition \ 7.3[ We use the notation introduced above, and 
denote by G and G infinite cyclic groups of all normalized orientation- 
preserving quasisymmetric self-maps of W n / 2 and W 3n / 2 , respectively. 

As before let T and T be the family of all paths in Q and Q, respectively, 
that join the positive real and the positive imaginary axes. 

To reach a contradiction, we assume that there is a normalized qua- 
sisymmetric map / from W n /2 onto W 37T /2- Precomposing / by the 
reflection in the line L = {z G C : Ke(z) = lm(z)} if necessary, we may 
assume that / is orientation-preserving. The n G = f o G o anc 



:= fotpof" 1 is a generator for G. By Lemma 7T and Proposition AA_ 
the map / extends to a quasiconformal map F on C. Then V = F(T) 
gives 



and so Lemma 3.1 



mod ^ /2 /c( r ) = mod^ /2/G (r). 



/G 



Let ip = $|W / 3 7r /2 G G be the map considered above. Then ip 



for some m G Z\ {0}, and it follows from Corollary 4.7 and Lemma 3.3 



(see the argument that we used to establish (7.4)) that 

moc W /2 /w(r) = H mod w 3w/2 /G^)- 

Hence by Lemma 7.5| we have 



™d Wn/2/G {r) = mod H/w2/g (r) 

= R moc W/2/w( r ) 
^ ^ mod ^/ 2 /G( r )- 

This is only possible if modvp . 2 /G(r) — or modw^ / G (T) — °°; this 
contradicts Lemma 17.41 and the statement follows. □ 
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8. Proof of Theorems I1.1H1.3I 

We fix an odd integer p > 3. As before we assume that the standard 
Sierpihski carpet S p is obtained by subdividing the unit square Qo = 
[0, 1] x [0, 1] in the first quadrant of C = IR 2 . In this section it is 
convenient to mostly use real notation; so (%Q,yo) is the point in R 2 
with ^-coordinate Xq and ^/-coordinate jjq. As before we use to denote 
the origin in IR 2 . 

We equip S p with the restriction of the Euclidean metric. The carpet 
S p has four lines of symmetries; one of them is the diagonal D : = 
{(x,y) G R 2 : x = y} and another the vertical line V := {(x, y) : 
x = 1/2}. We denote the reflections in D and V by Rd and Ry, 
respectively. The maps Rd and Ry generate the group of Euclidean 
isometries of S p , which consists of eight elements. 



If / is a quasisymmetric self-map of S p , then by Corollary 5.2 the 
outer square O and the middle square M of S p are preserved as a pair; 
so {f{0),f{M)} = {0,M}. We will now show that f(0) = M is 
actually impossible. 

Lemma 8.1. Let f be a quasisymmetric self-map of S p , p > 3 odd. 
Then f(0) = O and f(M) = M. 

Proof. Let / G QS(S P ) be arbitrary. We know that f(0) G {0,M}. It 
is enough to show f(0) = O, because then necessarily f(M) = M. We 
argue by contradiction and assume that f(0) = M. Then f(M) = O, 
and so / interchanges O and M. 



By Corollary 5.3 the group QS(S P ) of all quasisymmetric self-maps 
of S p is finite. Let G be the subgroup of QS(5 , P ) consisting of all 
quasisymmetric self-maps g of S p with g(0) = O and g(M) = M. 
Then G is also finite and contains the isometry group of S p . Moreover, 
if Go is the set of all maps in G that are orientation-preserving, then Go 
is a subgroup in G of index 2; indeed, G can be written as the disjoint 
union 

(8.1) G = Go U GqRd 

of two right cosets of G . 

If z G S p is arbitrary, we denote by 

0{z) = {g(z) :geG} 

the orbit of z under the action of G. Let 

c=((p-l)/(2p),(p-l)/(2p)) 

be the left lower corner of the square M, and Wq = /(0) G M. In the 
following we will consider the orbits 0(c) and O(w ). Both are subsets 
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of M. Since G contains the isometry group of S p , the orbits 0{wq) and 
0(c) have the same symmetries as S p . 



It follows from Corollary 4.7 that if g G Go has a fixed point in S, 



p- 



then g is the identity on S p . So if z G S p is arbitrary, then the map 



geGoH' g(z) is injective. Since Rd(0) = 0, it follows from (8.1) that 
#O(0) = #G . 

We also have Rd(c) = c, and so #0(c) = #G . Moreover, the map 
gsG^/ojo G G is an automorphism of G. This implies that 

O(w ) = {(fogo f-^wo) :geG} = {(fog)(0):geG} = /(0(O)). 

Hence 

#e>K) = #0(o) = #g = #0(c), 

and so the orbits 0(wq) and 0(c) have the same number of elements. 

We will now show that this is impossible. First note that c G" 0(u>o), 
and so 0(c) D 0{wq) = 0. Indeed, suppose on the contrary that c G 
0(wo). Then there exists g G G with c = g(u>o) = (g ° /)(0). Then 
^ := ° / is a quasisymmetric self-map of 5 p with /i(0) = c. By 



Lemma 7.2 the map /i induces a normalized quasisymmetric map from 
W n /2, the weak tangent of S p at 0, onto the weak tangent of S p 



at c. This is impossible by Proposition |7.3 

By symmetry 0(c) contains all corners of M, while 0(wq) contains 
none of the corners of M by what we have just seen. 

Let 

m' = (1/2, (p - \)/{2p)) 

be the midpoint of the bottom side of M. We want to show that m! 
belongs to neither 0(wq) nor 0(c). Indeed, suppose that m! G 0{wq). 
Similarly as above, we can then find a quasisymmetric self-map h of 
S p with h(0) = w! . By precomposing h by Rp if necessary, we may 
assume that h is orientation-preserving. Since the weak tangent of S p 
at w! is isometric to W n , we get an induced normalized quasisymmetric 
map hi : W n / 2 — >■ 

We necessarily have h(0) = M and h(M) = O. Consider the map 
Ry o h o R D . Then h and iiV ° h o R D are orientation-preserving qua- 
sisymmetric self-maps of S p that act in the same way on the origin, 



and on the peripheral circles O and M. By Corollary 4/7 it follows 
that h = Ry oho R D . This shows that h maps the set S p f]D onto 
S p nV. Since we know that h(c) G h(M) = O, this only leaves two pos- 
sibilities for the point h(c), namely (1/2, 0) and (1/2, 1). Since at both 
points the weak tangents of S p are isometric to W n , we get an induced 
normalized quasisymmetric map h2- —> W v . Then h^ 1 o hi is 
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a normalized quasisymmetric map from onto Wz^ji- We get a 



contradiction to Proposition 7.3, showing that ml ^ O(wo). 

The proof that m' 0(c) runs along similar lines. Again we argue by 
contradiction and assume ml G 0(c). Then we can find an orientation- 
preserving quasisymmetric self-map h of S p with h(c) = ml . This gives 
a normalized quasisymmetric map h\ : W 3n /2 —> W^. We must have 
h(M) = M and h(0) = O. Then h and Rh oho R D are orientation- 
preserving quasisymmetric self-maps of S p that act in the same way on 
c, and on the peripheral circles O and M. Therefore, h = Ry oho R Dj 
and so h maps the set S p fl D onto S p D V. This only leaves the 
possibilities (1/2,0) or (1/2, 1) for the point h(0). In any case, we get 
an induced normalized quasisymmetric map h 2 : W n / 2 — >■ W^-, and by 



considering h 1 1 o /i 2 , again a contradiction to Proposition 7.3 Hence 
m'#0{c). 

To summarize, we know that the sets 0(c) and 0(wq) are disjoint 
subsets of M with the same symmetries as S p , and none of these sets 
contains ml . This implies that each side of M contains an even number 
of points in 0(c) and 0(wq), since we have reflection symmetry about 
the midpoint of each side. 

Since no corner of M is in 0(wq) and each side of M contains the 
same even number of points in 0(wq), it follows that 

#O(w ) = 8k 

for some k G N . So #O(w ) is divisible by 8. On the other hand, 0(c) 
contains the corners of M. Since each corner belongs to two sides, we 
have 

#£>(c) = 8/ - 4 

for some I G N, and so #0(c) is not divisible by 8. Since we know that 
#O(w ) = #0(c), this is a contradiction. So f(0) = M is impossible, 
and we must have f(0) = O. □ 

One can make the logic of the previous proof a little more transpar- 
ent, if one follows a slightly different (albeit longer) route. Namely, if 
a map / G QS(S P ) with f(0) = M exists, then, by using a counting 
argument as above, one can find such a map / that sends the origin to 
one of the natural candidates adapted to the symmetries of S p , namely 
to a corner of M or to the midpoint of one of the sides of M. Arguing 



as in the previous proof based on Proposition 7.3 , one can rule out 
these possibilities, and again reaches a contradiction. 

As before let O be the outer and M the middle square of S p . We 
denote the orbit of a point z G S p by the group QS(S , p ) of quasisym- 
metric self-maps of S p by O(z). Now that we know that every map 
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/ G QS(S P ) preserves O and M setwise, the group G introduced in the 
previous proof is actually equal to QS(S P ). Define m = (0, 1/2). Then 
m is the midpoint of the bottom side of O. 

Lemma 8.2. Let z G O be arbitrary. If O(z) ^ O(0), 0(m), then 
#0(z) is divisible by 8. Moreover, O(0) and 0(m) are divisible by 4, 
but not by 8, and 0(0) n 0(m) = 0. 

Proof. If z G O, then the orbit O(z) CO has the same symmetries as 
S p ; so each side of O contains the same number of points in 0(z), and 
#0(z) must be divisible by 4. If O(z) ^ O(0), 0(m), then 0(z) does 
not contain any corners of O, nor any midpoint of a side of O. Hence 
each side of O contains an even number 2k, k G N, of points in O(z) 
and #0(z) = 8k. In this case, #0(z) is divisible by 8. 

We want to show that O(0) fl 0(m) = 0. We argue by contradiction, 
and assume that O(0) fl 0(m) ^ 0. Then we can find a map / G 
QS(Sp) with f(0) = m, and pre-composing / with Rn if necessary, we 
may assume that / is orientation-preserving. Similarly as in the proof 



of Lemma 8A_ this leads to a contradiction; namely, we first get an 
induced normalized quasisymmetry fx : W n /2 — > W^. Moreover, from 
Corollary 4.7 we conclude that / = Ry ° / o Rp, and so / maps S p nD 
onto S p fl V; hence the lower left corner c of M must be mapped to the 
intersection MC\V which consists of two points where the weak tangent 
is isometric to W n . This gives an induced normalized quasisymmetry 
f2- Ws n /2 — > W n . Considering f 2 ~ x o fx we get a contradiction from 
Proposition |7.3| 



It follows that O(0) contains the corners of O, but not any midpoint 
of a side. So the number of points in O(0) on each side is an even 
number 2r, r G N, and we conclude #O(0) = 8r — 4. 

Finally, the number of points in 0(m) on each side is an odd number 
21 — 1, I G N, since 0(m) contains the midpoint of the side. Since none 
of the corners of O belongs to 0(m), we have #O(0) = 81 — 4. Hence 
neither #O(0) nor #0(m) is divisible by 8. □ 

Exactly the same statement with essentially the same proof is true 



for orbits of points in M, if in Lemma 8^ we replace by a corner of 
M, and m by a midpoint of a side of M. 

Proof of Theorem \l.l\ Let / be a quasisymmetric self-map of S3. We 
want to show that / is a Euclidean isometry of S3. To see this, we may 
assume / is orientation-preserving, for otherwise we can compose this 
map with the reflection Ry which lies in the isometry group of S3. By 



Lemma 8.1 we know that if O is the outer and M the middle square of 



S 3 , then f(0) = O and f(M) = M. 
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There are eight peripheral circles of S3 that are squares of sidelength 
1/9. We call them second generation squares as they are the bound- 
aries of the solid squares that were removed in the second step of the 
construction (in the first step, the square bounded by M was removed 
from Qo). Four second generation squares, the corner squares, have 
distance 1/9 to precisely two sides of the unit square Q ; the four other 
ones, the side squares, have distance 1/9 to exactly one side of Q . 

Before continuing, we give a general outline of the ensuing argument. 
We will show that / must map some second generation square to an- 
other one. This will lead to various combinatorial possibilities. We will 
analyze them in detail. In some cases we can invoke the Three-Circle 
Theorem, Corollary |4.4[ to identify / with an isometry as desired. In 
the other cases, a map with the given mapping behavior on a second 
generation square will not exist. The strategy for ruling out the ex- 
istence of such "ghost maps" is this: using symmetries and again the 
Three-Circle Theorem, we will be able to restrict the possibilities for 
the image of the origin under /. Once we know that /(0) = p G S3, 
the map / will induce a quasisymmetry of the weak tangent W n /2 of S3 
at to a weak tangent of S3 at p. As we will see, this always leads to 
a normalized quasisymmetry from W n /2 onto Invoking Propo- 



sition |7.3| we will then get a contradiction ruling out the existence of 
the map. 

We now proceed to presenting the details. 

Claim. The map / sends some second generation square to another 
second generation square. 

Among the eight second generation squares let Co be one for which 
mod5 3 (r(Co, O] S3)) is largest, and define C\ = /(Co). Then C\ is a 
peripheral circle of S3 and hence a square. As in the proof of Corol- 
lary [IT2, Lemma 2A_ implies that 



mod S 3(r(Co,0;S 3 )) = mod^d, O; S 3 )). 



For establishing the claim it suffices to show that C\ has sidelength 
1/9 and is hence a second generation square. Since f(0) = O and 
f(M) = M, we have d = /(C ) £ {0,M} and so the sidelength of 
Ci is at most 1/9. The monotonicity of carpet modulus and the self- 
similarity of S3 imply that this side length cannot be strictly smaller 
than 1/9. Indeed, suppose that this is the case. Then there exists 
a unique carpet S C S 3 that can be mapped to S 3 by a Euclidean 
similarity so that C\ corresponds to second generation square of S3. 
Let o denote the outer peripheral circle of S corresponding to O. By 
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our assumption that G\ is not a second generation square, we have 
S 7^ S3, and so S is a proper subset of S3. 

By definition of Co and scale invariance of carpet modulus we have 

mod 5 (r(C 1 , o- S)) < mod 53 (r(C , 0; S 3 )). 



On the other hand, an argument as in the proof of Lemma 5.1 gives 



mod S3 (r(C 1 , 0- S3)) < mod s (r(Ci, o; S)). 

The previous three modulus relations combined lead to a contradiction, 
and the claim follows. 

Having established that the the image C\ = /(Co) of some second 
generation square Co is also a second generation square, we now dis- 
tinguish several cases depending on the type of the squares Co and Ci, 
i.e., whether they are corner or sides squares. These cases will exhaust 
all possibilities. 

Case 1: Co and C\ are corner squares. 

Then there exists an isometry T of S3 given by a rotation that maps 
Co to C\. Then / and T acts in the same way on three peripheral 
circles O, M, Co of S3. Since / and T are orientation-preserving, it 



follows from Corollary 4.4 that f = T. Hence / is an isometry of S3. 

Case 2. Co is a corner square, and C\ is a side square. 

By pre- and postcomposing / by suitable rotations, we may assume 
that Co is the corner square that has distance 1/9 to both the x- and 
y-axes, and that C\ is the side square that has distance 1/9 to the 
x-axis. 

Then / and Ry o f o R D are orientation-preserving quasisymmet- 
ric self-maps of S3 that act in the same way on O, M, Cq. Again 



Corollary |4.4| allows us to conclude that / = Ry o / o R Dj and so 
f(D fl S3) = V fl S3. This only leaves two possibilities for the image 
of the origin under /, namely the points (|, 0) or (|, 1); since the weak 
tangents of S3 at these points are isometric to W n , we get an induced 
normalized quasisymmetric map /1 : W n / 2 —> W^. 

Moreover, the lower left corner c = is mapped by / to either 



* 3 ' 3 

|, |) or (|, |). The weak tangent of S3 at (|, |) is equal to W3 n /2, 



and the weak tangents at both points (|, |) or (|, |) are isometric to 
W n . As above, the map / induces a normalized quasisymmetric map 
/2 : H / 37r /2 — > W w . Then the map f^ 1 /1 is a normalized quasisymmet- 



ric map from H / vr / 2 onto H / 37r /2- This contradicts Proposition 7.3, and 
a map / as in this case does not exist. 

Case 3. C is a side square, and C\ is a corner square. 
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Then we consider / 1 , and reduce to Case 2. This shows that a map 
/ as in this case does not exist. 

Case 4- Co and C\ are side squares. 

Then there exists a rotation T of S3 that maps O, M, Co in the same 
way as /, and as in Case 1, we conclude that f = T. Hence / is an 
isometry of 53. 

The Cases 1.-4. exhaust all possibilities, and we have shown that in 



each case the map / is an isometry or does not exist. Theorem 1.1 



follows. □ 



Remarks 8.3. By using a similar technique and a slightly more re- 
fined case analysis, one can show the same rigidity result for the stan- 
dard Sierpihski carpet S5; namely, every quasisymmetric self- map of 
S5 is a Euclidean isometry. For larger p the number of second gen- 
eration squares of S p increases and the case analysis seems to meet 
insurmountable obstacles. 

A more natural approach is to first prove rigidity statements for 
weak tangents of S p . In view of Theorem 1.4 or Theorem 1.5 one 
may speculate whether a normalized quasisymmetry between two weak 
tangents of a carpet S p only exists if the weak tangents are similar, 
i.e., one is the image of the other by a Euclidean similarity. If this is 
the case, then by considering one can conclude that under any 

quasisymmetry / of S p , the origin must be mapped to a corner of the 



unit square, and it would easily follow from Corollary 4.7 that / is an 
isometry of S p . 

Unfortunately, we cannot even rule out the existence of a normalized 
quasisymmetric map between the weak tangents W n /2 and W n of S p . 
This caused some complications in the previous proof that we were able 
to overcome by ad hoc arguments. 



Proof of Theorem l.ty Let G = QS(S P ) be the group of all quasisym- 



metric self-maps of S p , and G be the subgroup of all orientation- 
preserving maps in G. Then Gq is a subgroup in G of index 2, and 



Go is finite cyclic as follows from Lemma 8.1 and Corollary 4.6 

Consider the orbit O(0) of the origin under G. Since Rd(0) = 0, 
this set is equal to the orbit of under Gq. Since each element in G 
preserves the outer square O, we know that O(0) consists of points on 
O. Moreover, O(0) is symmetric with respect to all symmetries of S p . 
We equip O with positive orientation, so that S p lies on the left if we 
run through O with this orientation. Let z = 0, Zi, . . . , z n -\, z n = z , 
where n G N, be the points in O(0) in cyclic order on the oriented 
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curve O, and let a« for i = 0, . . . , n — 1 be the corresponding subarcs 
of O with endpoints Zi-i and Zi. 

There exists an element r G Go with t(zq) = z\. Then r(«o) is a sub- 
arc of O that has the initial point z\, is positively oriented on O, since r 
is orientation-preserving, and has its endpoint in O(0). Moreover, r(ao) 
does not contain any point from O(0) in its interior, because this is 
true for a . Hence the endpoint of r(a ) must be z\ and so r(a ) = a.\. 
Repeating this argument successively for the arcs a%, . . . , we con- 
clude that r(ttj) = a i+ i for all i = 0, . . . , n — 1, where a n = a . In 
particular, r(zi) = Zi+\ and so Zi — r l (0) for i = 0, . . . , n. 

This implies that r generates Go; indeed, if g G Go is arbitrary, then 
by what we have just seen, there exists i G {0, . . . ,n — 1} such that 
g(0) — Zi — r l (0). Then g -1 or 4 is an orientation-preserving element 
in G that fixes the origin, and the peripheral circles O and M. Hence 
g- 1 o r' = e, where e = ids p , and so g = r\ Since r n (0) = r n (z ) = 
z n = Zq = 0, the same argument shows that r n = e. Moreover, since 
the points = r l (0) for i — 0, . . . , n — 1 are all distinct, n is the order 
of g. 

Let s = Rd be the reflection in D. Then s G G is orientation- 
reserving, and, since Go has index 2 in G, it follows that s and r 
generate G. Since the orbit O(0) is invariant under s, the arc s(ato) has 
its endpoints in O(0). There are no points from the orbit in its interior, 
one of the endpoints is z = 0, and s(a ) is traversed in negative 
orientation if we traverse a positively. Hence s(a ) = a n -%, and so 
s(z\) = z n -\. It follows that (s o r) 2 G G is orientation-preserving and 

(s o r) 2 (0) = (s o r o s)(r(0)) = (soros)(z%) 
= (so r)(z n _x) = s(z ) = s(0) = 0. 

Similarly as before, we conclude that (s o r) 2 = e. So we have the 
relations s 2 = r n = (s o r) 2 = e for the generators s and r of G. 
Moreover, the element r has order n. The elements s and s o r are 
orientation-reversing, and so they have order 2. This implies that G is 
a finite dihedral group. □ 



Remark 8.4. Let Go be the group of orientation-preserving maps in 
G = QS(Sp). As we have seen in the preceding proof, Go is a cyclic 
subgroup of G with index 2. Moreover, the order n of Go is equal to 
the cardinality of the orbit of O(0) of under G. So by Lemma 8.1 the 
order n of G is divisible by 4, but not by 8. Of course, if our conjecture 
is true that every element in G is an isometry, then Go consists of four 
rotations and n = 4. 
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Proof of Theorem 1.3 Let p, q > 3 be odd integers, and suppose that 
there exists a quasisymmetric map /: S p —¥ S q . We want to show that 
p = q. 

In the following we use the subscript p in our notation if we refer to 
objects related to S p and q if we refer to S q . So M p denotes the middle 
square of S p , etc. 

Let G p and G q be the groups of quasisymmetric self-maps of S p and 



S q , respectively. Note that by Corollary |5.3| the groups G p and G q 



are finite, and, / being quasisymmetric, conjugates G p and G g . This 
implies that if O p denotes the orbit of under G p , then O q := f{O p ) 
is the orbit of /(0) under G q . 



It follows from Lemma |2.1| and Lemma |5.1| that / maps the pair 
{O p , M p } consisting of the outer square and middle square of S q to the 
corresponding pair {O q ,M q }. Hence f(O p ) = O q or f{O p ) = M q , and 
in particular /(0) G O q or /(0) G M q . 

By Lemma 8.2 the number #O p is not divisible by 8. Since O q 



has the same cardinality as O p , the number j^O q is not divisible by 



8 either. Applying Lemma 8^ and the remark after this lemma, we 
conclude that the orbit O q of /(0) G M q U O q under G q must be equal 
to the orbit of a corner of O q or M q , or the orbit of a midpoint of a 
side of O q or M ? . 
Let 

c 9 = ((g-l)/(2g),(g-l)/(2g) 
be the lower left corner of M q , and m = (1/2, 0) and 

m' q = (1/2, (g - l)/(2g)) 

be the midpoint of the bottom side of O g and M g , respectively. By 
what we have seen, /(0) must belong to an orbit of one of the four 
points 0,c q ,m,m' q under G q . By composing / with a suitable element 
in G q , we may actually assume that /(0) G {0, c q , m, m' }. By pre- 
composing / with R D if necessary, we may in addition assume that / 
is orientation-preserving. 

We are led to four cases that we now analyze. 

Case 1. /(0) = 0. 

Then f(O p ) = O q and f{M p ) = M q . The map f- 1 o R D o / o R D is 
an orientation-preserving quasisymmetry in G p , fixes the point 0, and 
the peripheral circles O p and M p setwise. Hence this map is equal to 
the identity on S p which implies / o R D = R D o /. From this in turn 
we conclude that / fixes the point (1,1). 
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Let D' be the line {(x,y) G M? : x + y = 1} and denote the reflection 
in D' by Rd 1 - Then the map f~ l o R D , o f o R D i is an orientation- 
preserving quasisymmetry in G p , fixes the point 0, and the peripheral 
circles O p and M p setwise. Hence this map is the identity on S p and so 
/ o R D , = R D , o /. It follows that / fixes the points (0, 1) and (1, 0) or 
interchanges them. Since / is orientation-preserving, and fixes and 
(1, 1), this map must fix (0, 1) and (1, 0). So / fixes all corners of the 
unit square. 

By Theorem 1.4 the map / must be the identity and the carpets S p 
and S q the same. Hence p = q. 

Case 2. /(0) = m. 

Then we get an induced normalized quasisymmetry fx: W^/zip) — > 
W n (q). Moreover, by an argument as in Case 1, we have foR D = Ryof. 
This implies that f(S p r\D) = S q C\V. Since we also have f(M p ) = M q , 
the lower left corner c p of M p must be mapped to the midpoint of 
the bottom or the top side of M q . At these points S q has a unique 
weak tangent isometric to W n (q). Hence we get an induced normalized 
quasisymmetry f 2 : H / 3 7r /2(p) —t W 7T (q). Considering f 2 l ° fx we get a 
contradiction to Proposition |7.3| So this case is impossible. 

Case 3. f(0) = m' q . 

This is very similar to Case 2. We get an induced normalized qua- 
sisymmetry f\: Wnfeip) W n (q), and have / o R D = R v o /. Since 
f(M p ) = O q , this limits the possible image points of c p under / to the 
midpoints of the top or bottom side of O q . Again we get an induced 
normalized quasisymmetry f 2 : W 37T /2(p) — > W^q), and a contradiction 



by Proposition 7.3 



Case 4- /(0) = c q . 

Then we get an induced normalized quasisymmetry fx'. W^/zip) ~^ 
W 37T / 2 (q). We also have foR D = R D of, and so f(S p nD) = S q f]D. Pick 
a peripheral circle C ^ O p , M p of S p that is symmetric with respect 
to D and let v e D D C. Then v is a corner of the square C and so 
S p has a weak tangent at v that is isometric to W 3n / 2 (p). Moreover, 
C = f(C) is a peripheral circle of S q distinct from O q = f(M p ). It 
contains the point v' = f(v) that lies on D. Hence v' is a corner of 
C, and so S q has a weak tangent at v' isometric to W 3n / 2 (q). We 
get an induced normalized quasisymmetry f 2 : W 3n / 2 (p) — > W 3n / 2 (q) 
Considering f 2 ~ 1 o fx, we again get a contradiction to Proposition 7.3 



In sum, only Case 1 is actually possible, and we have p = q as 
desired. □ 
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